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Abstract. In the geometric version of the Langlands correspondence, irregu- 
lar singular point connections play the role of Galois representations with wild 
ramification. In this paper, we develop a geometric theory of fundamental 
strata to study irregular singular connections on the projective line. Funda- 
mental strata were originally used to classify cuspidal representations of the 
general linear group over a local field. In the geometric setting, fundamental 
strata play the role of the leading term of a connection. We introduce the 
concept of a regular stratum, which allows us to generalize the condition that 
a connection has regular semisimple leading term to connections with noninte- 
gral slope. Finally, we construct a moduli space of meromorphic connections 
on the projective line with specified formal type at the singular points. 



1. Introduction 

A fundamental problem in the theory of differential equations is the classifi- 
cation of first order singular differential operators up to gauge equivalence. An 
updated version of this problem, rephrased into the language of algebraic geome- 
try, is to study the moduli space of meromorphic connections on an algebraic curve 
C/fc, where k is an algebraically closed field of characteristic 0. This problem has 
been studied extensively in recent years due to its relationship with the geometric 
Langlands correspondence. To elaborate, the classical Langlands conjecture gives 
a bijection between automorphic representations of a reductive group G over the 
adeles of a global field K and Galois representations taking values in the Lang- 
lands dual group G^. By analogy, meromorphic connections (or, to be specific, 
fiat G^-bundles) play roughly the same role in the geometric setting as Galois rep- 
resentations (see [11] [T2j for more background). Naively, one would like to find 
a description of the moduli space of meromorphic connections that resembles the 
space of automorphic representations of a reductive group. 

A more precise statement is that the geometric Langlands data on the Galois 
side does not strictly depend on the connection itself, but rather on the monodromy 
representation determined by the connection. When the connection has regular 
singularities, i.e., when there is a basis in which the matrix of the connection has 
simple poles at each singular point, the Riemann-Hilbert correspondence states that 
the monodromy representation is simply a representation of the fundamental group. 
However, when the connection is irregular singular, the monodromy has a more 
subtle description due to the Stokes phenomenon. The irregular monodromy data 
consists of a collection of Stokes matrices at each singular point, which characterize 
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the asymptotic expansions of a horizontal section on sectors around each irregular 
singular point (see [2l], or [25] for a modern treatment.) 

The irregular Riemann-Hilbert map from moduli spaces of connections to the 
space of Stokes matrices is well understood in the following situation. Let V = Oq 
be a trivializable rank n vector bundle, and let V be a meromorphic connection 
on V with an irregular singular point at x. After fixing a local parameter t at x, 
suppose that V has the following local description: 

dt dt 

' t'^ 

where Mj G 0l„(C) and the leading term Mr has pairwise distinct eigenvalues. 
Then, we say that V has a regular semisimple leading term at x. Under this as- 
sumption, Jimbo, Miwa and Ueno classify the deformations of V that preserve 
the Stokes data by showing that they satisfy a system of differential equations (the 
so-called isomonodromy equations). In principle, the isomonodromy equations give 
a foliation of the moduli space of connections, with each leaf corresponding to a sin- 
gle monodromy representation. Indeed, the Riemann-Hilbert map has surprisingly 
nice geometric properties for connections with regular semisimple leading terms. 
Consider the moduli space ^ of connections on which have singularities with 
regular semisimple leading terms at {xi, . . . , x^} and which belong to a fixed for- 
mal isomorphism class at each singular point. Boalch, whose paper [5 is one of 
the primary inspirations for this project, demonstrates that ^ is the quotient of a 
smooth, symplectic manifold ^ by a torus action. Moreover, the space of Stokes 
data has a natural symplectic structure which makes the Riemann-Hilbert map 
symplectic. 

However, many irregular singular connections that arise naturally in the geo- 
metric Langlands program do not have a regular semisimple leading term. In |25[ 
Section 6.2], Witten considers a connection of the form 

which has a nilpotent leading term. Moreover, it is not even locally gauge- equivalent 
to a connection with regular semisimple leading term unless one passes to a ramified 
cover. A particularly important example is described by Frenkel and Gross in |13) . 
They construct a fiat G-bundle on P^, for arbitrary reductive G, that corresponds to 
a 'small' supercuspidal representation of G at oo and the Steinberg representation 
at 0. In the GL„ case, the result is a connection (due originally to Katz [TT] ) 
with a regular singular point at (with unipotent monodromy) and an irregular 
singular point with nilpotent leading term at oo. This construction suggests that 
connections with singularities corresponding to cuspidal representations of G, an 
important case in the geometric Langlands correspondence, do not have regular 
semisimple leading term in the sense above. These examples lead us to one of 
our main questions: is there a natural generalization of the notion of a regular 
semisimple leading term which allows us to extend the results of Boalch, Jimbo, 
Miwa and Ueno? 

The solution to this problem is again motivated by analogy with the classical 
Langlands correspondence. Suppose that F is a local field and is a ramified rep- 
resentation of GL„ (F) . Let P C GL„ (F) be a parahoric subgroup with a decreasing 
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filtration by congruence subgroups {P-'}, and suppose that (3 is an irreducible rep- 
resentation of on which P^+^ acts trivially. We say that W contains the stratum 
(P, r, /3) if the restriction of W to P^ has a subrepresentation isomorphic to /3. 

In the language of Bushnell and Kutzko |7l HI [18] , the data {P, r, (3) is known 
as a fundamental stratum if /? satisfies a certain non-degeneracy condition (see 
Section \2A^ . If we write ep for the period of the lattice chain stabilized by P, 
an equivalent condition is that {P,r,/3) attains the minimal value r/ep over all 
strata contained in ([71 Theorem 1]). It was proved independently by Howe 
and Moy [T5] and Bushnell [7] that every irreducible admissible representation of 
GL„ (F) contains a fundamental stratum. It was further shown in [8] and [18] that 
fundamental strata play an important role in the classification of supercuspidal 
representations, especially in the case of wild ramification. 

As a tool in representation theory, fundamental strata play much the same role 
as the leading term of a connection in the cases considered above. Therefore, 
we are interested in finding an analogue of the theory of strata in the context 
of meromorphic connections in order to study moduli spaces of connections with 
cuspidal type singularities. 

In this paper, we develop a geometric theory of strata and apply it to the study of 
meromorphic connections. We introduce a class of strata called regular strata which 
are particularly well-behaved: connections containing a regular stratum have similar 
behavior to connections with regular semisimple leading term. More precisely, 
a regular stratum associated to a formal meromorphic connection allows one to 
"diagonalize" the connection so that it has coefficients in the Cartan subalgebra of 
a maximal torus T. We call the diagonalized form of the connection a T-formal 
type. In Section 14. 4[ we show that two formal connections that contain regular 
strata are isomorphic if and only if their formal types lie in the same orbit of the 
relative affine Weyl group of T. 

The perspective afforded by a geometric theory of strata has a number of benefits. 

(1) The description of formal connections obtained in terms of fundamental 
strata translates well to global connections on curves; one reason for this is 
that, unlike the standard local classification theorem (20l Theorem III. 1.2], 
one does not need to pass to a ramified cover. In the second half of the pa- 
per, we use regular strata to explicitly construct moduli spaces of irregular 
connections on with a fixed formal type at each singular point. In par- 
ticular, we obtain a concrete description of the moduli space of connections 
with singularities of "supercuspidal" formal type. 

(2) Fundamental strata provide an illustration of the wild ramification case 
of the geometric Langlands correspondence; specifically, in the Bushnell- 
Kutzko theory [8] Theorem 7.3.9], refinements of fundamental strata corre- 
spond to induction data for admissible irreducible representations of GL„. 

(3) The analysis of the irregular Riemann-Hilbert map due to Jimbo, Miwa, 
Ueno, and Boalch [THI [5] generalizes to a much larger class of connections. 
Specifically, one can concretely describe the isomonodromy equations for 
families of connections that contain regular strata [6] . 

(4) Since the approach is purely Lie-theoretic, it can be adapted to study flat 
G-bundles (where G is an arbitrary reductive group) using the Moy-Prasad 
theory of minimal iiT- types [2T] . 
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Here is a brief outline of our results. In Section [21 we adapt the classical theory 
of fundamental strata to the geometric setting. Next, in Section [3l we introduce 
the notion of regular strata; these are strata that are centralized (in a graded 
sense defined below) by a possibly non-split maximal torus T. The major result 
of this section is Theorem 13.81 which states that regular strata split into blocks 
corresponding to the minimal Levi subgroup L containing T. 

In Section |4l we show how to associate a stratum to a formal connection with 
coefficients in a Laurent series field F or, equivalently, to a fiat GL„-bundle over the 
formal punctured disk Spec(i^). By Theorem 14. 101 every formal connection {V, V) 
contains a fundamental stratum {P,r,l3), and the quantity r/ep for any funda- 
mental stratum contained in (V, V) is precisely the slope. Moreover, Theorem l4.12l 
states that any splitting of {P, r, (3) induces a splitting of (V, V). In particular, any 
connection containing a regular stratum has a reduction of structure to the Levi 
subgroup L defined above. In Section [4.31 we show that the matrix of any connec- 
tion containing a regular stratum is gauge-equivalent to a matrix in t = Lie(r), 
which we call a formal type. We show in Section 14.41 that the set of formal types 
associated to an isomorphism class of formal connections corresponds to an orbit 
of the relative affine Weyl group in the space of formal types. 

In Section [5l we construct a moduli space ^ of meromorphic connections on 

with specified formal type at a collection of singular points as the symplectic 
reduction of a product of smooth varieties that only depend on local data. By 
Theorem 15.61 there is a symplectic manifold ^ which resolves ^ by symplec- 
tic reduction. Finally, Theorem 15.261 relaxes the regularity condition on strata at 
regular singular points so that it is possible to consider connections with unipo- 
tent monodromy. In particular, this construction contains the GL„ case of the fiat 
G-bundle described by Frenkel and Gross. 

2. Strata 

In this section, we describe an abstract theory of fundamental strata for vector 
spaces over a Laurent series field in characteristic zero. Strata were originally 
developed to classify cuspidal representations of GL„ over non- Archimedean local 
fields [71 [SI [18] . We will show that there is an analogous geometric theory with 
applications to the study of fiat connections with coefficients in F. In Section [31 
we introduce a novel class of fundamental strata of "regular uniform" type. These 
strata will play an important role in describing the moduli space of connections 
constructed in section [5l 

2.1. Lattice Chains and the AfRne Flag Variety. Let k be an algebraically 
closed field of characteristic zero. Here, o = k[[t]] is the ring of formal power series 
in a variable t, p = to is the maximal ideal in o, and F — k{{t)) is the field of 
fractions. 

Suppose that V is an 7i-dimensional vector space over F. An o-lattice L C V is 
a finitely generated o-module with the property that L^o F = V . If we twist L by 
powers of t, 

L{m) = t-'^L, 
then every L{m) is an o-lattice as well. 

Definition 2.1. A lattice chain ^ is a collection of lattices (L')igz with the fol- 
lowing properties: 
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(1) i ' D U+^- and 

(2) U{m) — for some fixed e — e^. 

Notice that a sliift in indexing (-Zj[j])* := produces a (trivially) different 

lattice chain The lattice chain ^ is called complete if e = n; equivalently, 

jU^^ is a one dimensional fc-vector space for all i. 

Definition 2.2. A parahoric subgroup P C GL(V^) is the stabilizer of a lattice 
chain i.e., P = {g g GL(V^) | gi* = U for all i}. The Lie algebra of P is the 
parahoric subalgebra *P C g[(V^) consisting of *P = £ sK^) I P-^* C for all i}. 
Note that *p is in fact an associative subalgebra of 0[(T^). An Iwahori subgroup / 
is the stabilizer of a complete lattice chain, and an Iwahori subalgebra 3 is the Lie 
algebra of /. 

There are natural filtrations on P (resp. *P) by congruence subgroups (resp. 
ideals). For r G Z, define the *P- module to consist of X e *P such that XU C 
jji+r j^Qj. ^ ^. g^j^ ideal of *P for r > and a fractional ideal otherwise. The 
congruence subgroup P'' C P is then defined by P" = P and P"" = I„+*P'' for r > 0. 
Define ep = e^; then, t*P = . Finally, P is uniform if dimL'/P*+^ = n/e for 
all i. In particular, an Iwahori subgroup / is always uniform. 

Proposition 2.3 ([7, Proposition 1.18]). The Jacobson radical of the parahoric 
subalgebra *P is Moreover, when P is uniform, there exists an element vjp £ *P 
such that zupVp — Vpzup — 

As an example, suppose that V — Vk F for a given fc-vector space Vk- There 
is a distinguished lattice Vg = Vk ®k o, and an evaluation map 

obtained by setting t = 0. Any subspace W C Vk determines a lattice p~^{W) C V. 
Thus, if^ = {Vk = V° dV^ D ...dV = {0}) is a fiag in Vk, then ^ determines 
a lattice chain by 

^^ = {...D t-^p-\V"-^) DVoD p-\V^) D...D p-\V'"-^) DtVoD.. .). 

We call such lattice chains (and their associated parahorics) standard. Thus, if 
^0 is the complete flag determined by a choice of Borel subgroup B, then p~^{B) 
is the standard Iwahori subgroup which is the stabilizer of -Sf^Q. Similarly, the 
partial flag in Vk determined by a parabolic subgroup Q gives rise to a standard 
parahoric subgroup p~^{Q) which is the stabilizer of the corresponding standard 
lattice chain. In particular, the maximal parahoric subgroup GL„(o) is the stabilizer 
of the standard lattice chain associated to (14 3 {0}). 

In this situation, the obvious GL„(P)-action acts transitively on the space of 
complete lattice chains, so we may identify this space with the affine flag variety 
GL„(P)/J, where / is a standard Iwahori subgroup. More generally, every lattice 
chain is an element of a partial affine flag variety GL„(P)/P for some standard 
parahoric P. For more details on the relationship between affine flag varieties and 
lattice chains in general, see [21] • 

For any maximal subfleld E C qI{V), there is a unique Iwahori subgroup Ie such 
that 0^ C Ie- 

Lemma 2.4. Suppose that P is a parahoric subgroup of GL(V^) that stabilizes a 
lattice chain Let E/F be a degree n = diml^ field extension with a fixed 
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embedding in qI{V) such that C P. Then, there exists a complete lattice chain 
3 -S? with stabilizer Ie such that C Ie o,nd Ie C P; it is unique up to 
translation of the indexing. In particular, is contained in a unique Iwahori 
subgroup. 

Proof. We may identify V with E as an iJ-module. Since C P, it follows that 
o_E C *p. Therefore, we may view ^ as a filtration of E by nonzero o_E-fractional 
ideals. Since o_e is a discrete valuation ring, there is a maximal saturation ^e of 
.5f, unique up to indexing, consisting of all the nonzero fractional ideals, and it 
is clear that C /_e C P. The final statement follows by taking P to be the 
stabilizer of the lattice Oe- 

□ 

2.2. Duality. Let be the space of one-forms on F, and let C ^p/^. be 

the F^-torsor of non-zero one- forms. If £ jr C fl^ , its order is defined by 
ord(z^) — —I. Any v ^Vl^ defines a nondegenerate invariant symmetric fc-bilinear 
form (, on 0[„(F) by 

{A,B)^ = Res \It{AB)v\ , 

where Res is the usual residue on differential forms. In most contexts, one can take 
V to be f . 

Let *p be the parahoric subalgebra that preserves a lattice chain . 
Proposition 2.5 (Duality). Fix v e fl^ . Then, 

(fp*)-'- = fpl-s-(l+ord(i/))ej= 

and, if r < s, 

(f^r /fp«)V ^ fpl-s-(l+ord(i/))ef. ^(pl-r- (l+ord(i/))ef. . 

here, the superscript ^ denotes the k-linear dual. 

This is shown in Proposition 1.11 and Corollary 1.13 of 7 . In particular, when 
ord(!/) = -1, = Vp^-" and {^^ = «p-7fp-'-+i'. 

Observe that any element of induces an endomorphism of the associated 
graded o-modulc gr(.if ) of degree r; moreover, two such elements induce the same 
endomorphism of gr(^) if and only if they have the same image in /^^~^^. 

The following lemma gives a more precise description of the quotients 
Let G = GL(L°/tL°) = GL„(fc) with g the corresponding Lie algebra. Note that 
there is a natural map from P G whose image is a parabolic subgroup Q; its 
unipotent radical U is the image of P^ . Analogous statements hold for the Lie 
algebras Lie((3) = q and Lie(J7) = u. 

Lemma 2.6. 

(1) There is a canonical isomorphism of o -modules 

ep — 1 
1=0 

(2) In the case r — 0, this isomorphism gives an algebra isomorphism between 
*P/*!P^ and a Levi subalgebra f) for Lie{Q) — q (defined up to conjugacy by 
U). Moreover, ^ is a split extension of i) by 

(3) Similarly, if H is a Levi subgroup for Q, then P = H <K P^ . 
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Proof. There is a natural o-module map ^ -=0"^ llom{L'/L'+\ / U+-'+^)] 
it is an algebra homomorphism when r = 0. It is clear that is the kernel, 

since any o-module map that takes to forO<i<ep — 1 must lie in 

Now, suppose that {(t)i) S YLova{U / ,U+'' / U+''+^). Let ^ be the 

partial flag in L° /tL^ = / 1"^ given by {L'/L'^p | < i < ep}. We may choose 
an ordered basis e for L° that is compatible with ^ modulo i*^^ . This means that 
there is a partition e = Gq U • • • U eep-i such that Wj — span(ej) C V is naturally 
isomorphic to U / . In this basis, the groups IIom(LY-^*^^i -^*~'''^/^*^'^^^) 
pear as disjoint blocks in ^p*" (with exactly one block in each row and column of 
the array of blocks), so it is clear that we can construct a lift ^ € that maps to 

Note that when r = 0, the image of this isomorphism is a Levi subalgebra [} 
for the parabolic subalgebra q. The choice of basis gives an explicit embedding 
f) = 0[(Wi) © • • • © 0[(Wep-i) C Ghiy), so the extension is split. The proof in the 

group case is similar. □ 

Remark 2.7. The same proof gives an isomorphism 

va+ep — 1 

(2.1) q3Vq3''+^^ Y{om{U/U+^,U+'- /u+'-+^) 

i—m 

for any m. However, if Hom(L7L*+i, L^+7L^+''+i) and Hom(LJ / 1'+^ ,Li+-' / 
for i = j mod ep are identified via homothety, the image of an element of 
is independent of m up to cyclic permutation. Indeed, this follows immediately from 
the observation that if m = sep + j for < j < ep, then t^+^eo U • • • U t^^^ej-\ U 
Gep-i is a basis for L™. In particular, is isomorphic to a Levi 

subalgebra in ^((L^/fL™) 

Remark 2.8. Any element x G Cp/*^"'^ determines a canonical GL{L^ /tL^)-OT:\ni in 
q{{L^ /tL^), and similarly for P/P^. To see this, note that any choice of ordered 
basis for compatible with jSf maps x onto an element of a Levi subalgebra of 
qI{L'^ /tlP); a different choice of compatible basis will conjugate this image by an 
element of Q. In fact, this orbit is also independent of the choice of base point LP in 
the lattice chain. Indeed, an ordered basis for compatible with ^ gives a com- 
patible ordered basis for by multiplying basis elements by appropriate powers 
of t and then permuting cyclically. Using the corresponding isomorphism L° — > 
to identify 0[(L°/tL°) and qI{L"' /tL"'-), the images of x are the same. Accordingly, 
it makes sense to talk about the characteristic polynomial or eigenvalues of x. 

Notational Conventions. Let v G il^ , and let V be an i^- vector space. Suppose 
that P C GL{V) is a parahoric subgroup with Lie algebra *p that stabilizes a lattice 
chain {L^)i^z- We will use the following conventions throughout the paper: 

(1) 1/ = LyL'+\ 

(2) p = p/p\ <p =5?/<pi. 

(3) = PyP^+\ = <P7«P^+i. 

(4) UX G^^, then X will denote its image in and the corresponding degree 

s endomorphism of gr(.jSf). 

(5) If a G i^^Y , then ai, G sK^) with denote an element such that a = 

(Q!i/, •)!/• 
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(6) If /3 then will denote an element of f:^r-{i+oi-di^))ep ^^^^i that 
/3i/ € <pr-(i+ord(i/))ep -j-j^g coset determined by the isomorphism in Propo- 
sition 12.51 

(7) Let X e^'. Then, Sx : ^ is the map induced by ad(X). 

(8) Let a C End(V") be a subalgebra. We define a* = a n and o' = aVa'^^- 

(9) If A C GL(y) is a subgroup, define = ^ n and = AV^^+i. 



2.3. Tame Corestriction. In this section, we first suppose that ^ is a com- 
plete (hence uniform) lattice chain in V with corresponding Iwahori subgroup /. 
By Proposition I2.3[ 3^ is a principal ideal generated by vuj; similarly, each frac- 
tional ideal 3^ is generated by wj. Choose an ordered basis (eo, . . . , e„_i) for V 
indexed by Z„, so that Cn+i = Ci for all i. Furthermore, we may choose the ba- 
sis to be compatible with JC: if r ^ qn — s, < s < n, then is spanned by 
{f'~^eo, . - . , t'^~^es-i,t'^es, . . . , i'e„„i}. Thus, if we let denote the image of in 
L°/tL°, then ^ corresponds to the full flag in /tlP determined by the ordered 
basis (eo, . . . e„_i). 

In this basis, we may take 



/O 1 



(2.2) 



137/ 



■■. 1 

\t ••• 0/ 



Notice that the characteristic polynomial of voi is equal to A"— t, which is irreducible 
over F. Thus, i^[n7/] is a degree n field extension isomorphic to 

Remark 2.9. If P is a parahoric subgroup stabilizing the lattice chain .if, we say 
that a basis for is compatible with .if if it is a basis that is compatible as above 
for any complete lattice chain extending ^ . Note that any puUback of a compatible 
basis for the induced partial flag in jth^ is such a basis. 

We first examine the kernel and image of the map Ju,}' : 3' ~> 3'^''. Let e fi^ 
have order —1. We define i)i(X^ = {X.vj'J^)^. Note that 7/;£(3^+-^) = 0; we let -0^ 
be the induced functional on Of^. 

Let i) C flt„(fc) be the subalgebra of diagonal matrices. By Lemma 12.61 the 
Iwahori subgroup and subalgebra have semidirect product decompositions: / ~ 
0* X and Of is a split extension of c) by 3^. Accordingly, any coset in 3^/3^+^ has 
a unique representative xtd\ with x = diag(a;o, Xi, . . . , Xn-\) S 5. 

Lemma 2.10. The image of S^-r in is contained in ker('0f_,.), and the kernel 

of d^-r in 3^ contains the one- dimensional suhspace spanned by IjJj. Equality in 
both cases happens if and only if gcd{r,n) — 1. 

Proof. Take X = xw\ with a; e c) as above. By direct calculation, 

(2.3) [X, vjj^] — x'lzi'j^^ , with x' — diag(a;o — x-r, ■ ■ ■ , Xn-i — Xn-i-r)- 
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Therefore, 

i^e-rix'zu'j-'') = Res(Tr(a;'tn^-'-wp^)i/) 
= Res(i/) Tr(a:') 

= Res(i^) ^^(a^i — Xi-r) = 0. 

1=0 

It follows that S^-r-{3^) C ker(^^_r)- 

The kernel of S^-^ satisfies the equations — x^-^ = for < i < n — 1. If 
we set xq = a, then x^r = a;_2r = X-sr = ■ ■ ■ = a. When gcd(r, n) — 1, j = —mr 
(mod n) is solvable for any j, and it follows that Xj — a for all j. Therefore, 
the kernel is just the span of rol. Otherwise, the dimension of the kernel is at 
least 2. This implies that the image of S^-r has codimension 1 if and only if 
gcd(r, n) = 1. □ 

For future reference, we remark that there is a similar formula to (|2.3p for Ad. 
Any element of / = D* is of the form p for p = diag(po, ■ ■ ■ ,Pn-i)- 
Then, 

(2.4) Ad(p)(^) = p'vjj'- e 5-^ where p' = diag( — , . . . , ). 

P—r Pl — r Pn—l—r 

In particular, when gcd(r, n) — 1, every generator of 3^'' lies modulo 3^''+^ in the 
Ad(/)-orbit of azuj^ for some a G k*. 

Next, we consider more general uniform parahorics. Let E/F be a degree m 
extension; it is unique up to isomorphism. Now, identify V = as an F vector 

space. We will view as a maximal subfield of g[^(i^): if we define vje = '^i G 
glj^{F) as in (|2.2p . then E is the centralizer of vue, which is in fact a uniformizing 
parameter for E. Since m\n, define a Cartan subalgebra i = iJ"/™ in qI{V) as the 
block diagonal embedding of n/m copies of ii^ C gl^{F). Let gcd(r, m) = 1, and 
take ^ = {aivj]^^ , . . . , a„/m'^E^) with the a^'s pairwise imequal elements of k. This 
implies that ^ is regular semisimple with centralizer i. 

Let be the complete lattice chain in stabilized by o^; we let Ie be the 
corresponding Iwahori subgroup. We define a lattice chain ^ — ^e in V 

with associated parahoric subgroup P. It is clear that P is uniform with ep = m. 
Moreover, elements of are precisely those n/m x n/m arrays of to x m blocks 
with entries in 3^; in particular, we can take wp — (ro^, . . . , tu^). Note that 
t n g[(L) C *P for any lattice L in JC. 

Proposition 2.11 (Tame Corestriction). There is a morphism of t-bimodules ttj : 
g[(y) — > t satisfying the following properties: 

(1) TTj restricts to the identity on t: 

(2) C 

(3) the kernel of the induced map 

7ft : (t + *p^-'-)/<p^-'^+i ^ t/(tn<p^-'^+i) 

is given by the image o/ ad(*P'^)(^) modulo '^^^^+^ ■ 

(4) if z ei and X e 0[(V"), then (z, A:)^ = {z, 7rt(A))^; 

(5) TTj commutes with the action of the normalizer N{T) of T . 
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Proof. First, take u — y- Let Ci G Q^{V) be the identity element in the i*^ copy of 
i? in t and elsewhere. Define V's(^) — ;^ (■^b^^jj ^^^^ 

oo n/m 
s— — oo i—1 

It is easily checked that for s ^ 0, V'K-'^) = and that TTt is a t-map. A direct 
calculation shows that for n e N{T), 7rt(Ad(n)X) = Ad(n)7ri(X). Since tti is 
defined using traces, it is immediate that it vanishes on the ofF-diagonal blocks 
eiQl{V)ej for i ^ j. Moreover, ttj is the identity on i, since (tn^ej,) = 1, if j = s 
and i — k, and equals otherwise. 

We note that 7rt(*P^) C n t, so the induced map 7ft makes sense. Let Vfj^^ — 
ej*P^~''ej so that Vf~'' C ker(7ft) for i ^ j. By regularity, : V/j Vf~'' is an 
isomorphism whenever i ^ j . This proves that the off-diagonal part of ker(7ft) is 
of the desired form. We may now reduce without loss of generality to the case of a 
single diagonal block, i.e., i—E and *P = 3. 

Since ttj is the identity on i, the kernel of ttj is contained in 5''^'' = w\~^'2. 
Notice that when s < i — r, vuJ''vo\~^3 C 3^; therefore, ipsC^^'^) ~ 0. It is trivial 
that Vs(^)t37|; e for s > £ - r. It follows that ker(7ft) = By 

Lemma r2.101 ad(Of^)(ro^'') = ker('i/'f_,.). This completes the proof of the third part 
of the proposition. 

Finally, for arbitrary v' ~ fv, {z,X)^i — {z,fX)^. Since / e F C T, and vrt 
is a t-map, it suffices to prove the fourth part when v — Although z G t is an 

infinite sum of the form X)s><j ST^i" o.si'^E^i for some a^i G fc, only a finite number 
of terms contribute to the inner products. Hence, it suffices to consider z = w^^ti. 
Observing that {zo^ei^w^^ ej)i, = mSijSrs, we see that 

(tn|e^,X)^ = rmpl^iX) = {w%e^,ip'_,{X)wj^''ei)^ = {w%e^,Trt{X))^, 

as desired. 

□ 

Remark 2.12. Suppose that P C GL{V) is a uniform parahoric that stabilizes a 
lattice chain Let H C P he the Levi subgroup that splits P P/P^ as in 
Lemma 12.61 and let f) C *P be the corresponding subalgebra. We will show that 
there is a generator wp for that is well-behaved with respect to H, akin to 
wi e 3^. In the notation used in the proof of Lemma [2.6[ f) is determined by 
an ordered basis e for L*^ partitioned into ep equal parts: e ~ Uj=o ^ ^j- Setting 
Wj = spanej = U, we have [] = ©^flo ^ oKW^j) and = 11^=0 ^ GL(Wj). 

Now, let be the complete lattice chain determined by the ordered basis for 
given above, and let / be the corresponding Iwahori subgroup. If zuj is the 
generator of 3^ constructed in (12. 2p . define zjp — tu™, where m = n/ep. This 
matrix is an ep x ep block matrix of the same form as (|2.2p . but with scalar 
m X m blocks. Evidently, mp{U) — so mp generates Furthermore, 

wp{Wj) = Wj+i for < j < ep — 1, and ■ujp{t^^Wep~i) = Wq. It follows that wp 
normalizes H, and Ad(ci7p)(f)) C f). In fact, if A = diag(ylo, . . . , Agp-i) e f), then 
Ad{zup){A) — diag(ylr, . . . , Ar+ep-i), with the indices understood modulo ep. 
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2.4. Strata. For the remainder of Section [21 v S il^ will be a fixed one-form of 
order —1. 

Definition 2.13. Let V be an F vector space. A stratum in GL(y) is a triple 
(P, r, f3) consisting of 

• P C GL(y) a parahoric subgroup; 

• re Z>o; 

. /? e • 

Proposition 12.51 states that = Therefore, we may choose a represen- 

tative /3i/ e for (3. Explicitly, a stratum is determined by a triple (.if,r, 
where ^ is the lattice chain preserved by P, and (3^ is a degree — r endomorphism of 
.jSf . The triples {J^f, r, and (^', r' ,f3l) give the stratum if and only if r = r', 
is a translate of .if, and /3jy and induce the same maps on gr(^), i.e., /3y =13^. 

We say that (P, r, /3) is fundamental if contains no nilpotent elements 

of 0[„ (P). By T, Lemma 2.1], a stratum is non- fundamental if and only if (Pi,)"^ G 

Remark 2.14. A stratum {P,r,l3) is fundamental if and only if /3y G End(gr(^)) is 
non-nilpotent in the usual sense. In particular, if Pv{L^) = L^^^ for all i £ Z, then 
(P, r, /3) is necessarily fundamental. 

Definition 2.15. Let {P,r,/3) be a stratum in GL{V). A reduction of {P,r,P) 
is a GL(F)-stratum (P',r',/3') with the following properties: (^/3^ n 

(^i, -I- fpi"'') ^ $, (3^ + c and there exists a lattice L that lies in 

both of the associated lattice chains ^ and J^". 

Let (P', r' , (3') be a reduction of (P, r, (3). The first property allows one to choose 
/3y G 0l„(P) to represent both /3 and f3' . The second implies that any representative 
/3i, for f3 determines an element of . Note that it is possible to have two 

different reductions {P',r',l3[) and {P',r',l3'2) with the same P' and r', if qj^"'' ^ 

(fp/)l-r'_ 

An important invariant of a stratum (P, r, /3) is its slope, which is defined by 
slope(P, r, /3) — r/ep. The following theorem describes the relationship between 
slope and fundamental strata. 

Theorem 2.16. Suppose that r > 1. Then {P,r,l3) is a non-fundamental stratum 
if and only if there is a reduction {P',r',/3') with slope(P, r, /3) < slope(P', r', /?'). 

This is proved in Theorem 1 and Remark 2.9 of 7 . 

Definition 2.17. A stratum (P, r, /3) is called uniform if it is fundamental, P is a 
uniform parahoric subgroup, and gcd(r, ep) — 1. The stratum is strongly uniform 
if it is uniform and (3^{L'^) = P*^'" for all e ^. 

Remark 2.18. A uniform stratum (P,r,f3) is strongly uniform if and only if the 
induced maps l3^ : ^ are isomorphisms for each i. The forward implication 
follows since the L"s have the same dimension. For the converse, note that if 
the /3* 's are isomorphisms, then, in particular, U^'^+i — f3y{U'^^) + p*~''+J+i for 
< J < ep. Substituting gives L'-'' = Ej=o ^ /3^(P*+^)+i'-'^+'=^ = l3^{U)+tU-'' , 
so l3u{U) = P*^*" by Nakayama's Lemma. 

Any fundamental stratum has a reduction with gcd(r, ep) — 1. 
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Lemma 2.19. If{P,r,/3) is a fundamental stratum, there is a fundamental reduc- 
tion [P' ,r' with the property that gcd(r',ep) = 1. 

Proof. Let g = gcd(r,ep) and r' = r/g. Let {Vy = L^s, and set J^' = {{L'y). 
This is the sub- lattice chain of ^ consisting of all lattices of the form 7^"ep+'"' with 
a, 5 e Z. If we choose a representative 13^ for /?, /3,y{{L'y) C {L'y~^ . Thus, /?y + 
c Let 13' e be the functional determined by the image of fi^ 

m{^')-"'- G (<P')"^'''+\tlien/3^ G<p-^'^+i: if/3,(L'p C then 

for any j e Z and < to< ;3j,(LJ9+™) C /^^(LJf) C LJ9-^''+9 c L^s-^'^+'^+i. 
Thus, if (P, r, /3) is fundamental, so is (P',r',/3'). 

□ 

2.5. Split Strata. We now generalize the notion of a 'split stratum' given in [TSl 
Section 2] and [U Section 2.3] to the geometric setting. Suppose that (P, r, /3) is 
a stratum in V and that ^ = (L')igz is the lattice chain stabilized by P. Let 
V ^Vi®V2 with Vi, V2 7^ {0}. Define L) = U n V,- for j = 1, 2. Note that L} has 
maximal rank in Vj, so it is indeed a lattice. Let be the lattice chain consisting 
of (Lj) omitting repeats. We denote the parahoric associated to .ifj by Pj. Note 
that if L' = L^^ © L| for all z, then each is automatically a lattice in Vj. 

Definition 2.20. We say that (^1,^2) splits P if 

(1) L' = L\ © Li for all i, and 

(2) ^1 is a uniform lattice chain with ep^ = ep. 

In addition, (Vi, ^^2) splits ;3 at level r if /3^(Lj) C L}^'' + L^-''+i. 

Note that the above definition is independent of the choice of representative /3y. 
However, it is possible to choose a 'split' representative for /3^. Let iTj : V ^ Vj be 
the projection, lj : Vj V the inclusion, and Cj — tj o ttj. Set /3jv = ttj o o Lj 
and = Piu ® /32^. Whenever (^1,^2) splits /3 and P, G + Thus, by 

replacing by we may assume without loss of generality that the representative 

is "block-diagonal", i.e., it satisfies /3l{L'j) C L^j~^- If /^j is the functional induced 
by then (Pj, r, l3j) is a stratum in GL(y,). 

Remark 2.21. If P is uniform and (Vi,V2) splits P, then P2 is also uniform with 
ep2 = ep, since U = L\® L\. Furthermore, if (P, r, /3) is strongly uniform, (Vi, V2) 
splits /?, and the first part of the splitting condition for P is satisfied, then (Vi, V2) 
splits P. Since gcd(r, ep) — 1 and /3i/(P') = P*^*" for all i, we may choose integers 
a and 6 such that 0;,^ — generates the Cp-module . Thus, if we choose jS^, 
such that PuiVj) C Vj as above, it is clear that a^iPi) = L'^{^^ and av{L\) = L\^^. 
Accordingly, the subquotients L\ have the same dimension for all i and there are 
no repeats in the lattice chain. This implies that ^1 is uniform and ep^ = ep. In 
fact, we see that (Pi,r, /3i) is strongly uniform. 

Define V12 to be the vector space IIomp(V2, Vi), and let dp^ be the operator 

i9/3„ : ^12 ^ V12 

We remark that if we embed V12 in gl{V) in the obvious way and assume that (3^, 
is block-diagonal, then i9/3„(a;) = [Pv,x] — Si3^{x). 
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The map djs^ is a degree — r endomorphism of the o-lattice chain ^ = {M^) 
defined by 

IVP = {xe Vi2 I xL\ C for all i}. 

By [181 Lemma 2.2], ^ is a uniform lattice chain with period ep. The functional 
on *p induced by dp^ is independent of the choice of representative; we denote the 
corresponding stratum by {Pi2,r,dp). 

Recall from Remark 12.81 that any element of *P/Cp^ determines a conjugacy class 
in 0[„(fc). Accordingly, if (P, 0,/?) is a stratum with r = 0, it makes sense to refer 
to the 'eigenvalues' of P^. If the stratum splits at level 0, then the eigenvalues of 
the diagonal blocks (^^i)^ and {^2)1' are well-defined. 

Definition 2.22. Wc say that (Vl, V2) splits the fundamental stratum {P,r,[3) if 

(1) (Vi, V2) splits P and P at level r; 

(2) (Pi,r, /3i) and (P12, t", S/j) are strongly uniform; and 

(3) when r = 0, the eigenvalues of are distinct from the eigenvalues of 
modulo Z. 

Remark 2.23. The congruence subgroup P^ acts on the set of splittings of (P, r, 
i.e., if 5 G P^ and V2) splits (P,r,/3), then so does {gVi,gV2). First, note that 
P^ stabilizes this stratum. Next, given g £ P^, it is clear that — gU = gL\®gL\ 
and that gJ^i is uniform with the same period as ^i. Thus, {gVx,gV2) splits P; 
it also splits (3 at level r, since G a; + L'"*"^ for any x e L*. It is obvious that 
the induced strata on gVi and gVi2 are strongly uniform. Finally, note that when 
viewed as subalgebras of *P is the natural way, and g'^j/g'^^^ are the same. 
It follows that the eigenvalues of gPju + and Pji, are the same, so the last 
condition also holds. 

If Pi is a uniform parahoric, then P12 is as well, with the same period. To see 
this, note that there is an isomorphism 

ep — l 

(2.5) W ^ Hom(L^,Z^i+^). 

Since dimfc(Z^) = AiuYk{L\/tL\) / ep, for ah 

dimfe(M-') = dimfc(i;/ti;)dimfc(L°AL°)/ep,, 

and P12 is uniform. Furthermore, since Am\k{M^ /tlvP) ~ d\mk{L\/tL\) AmikiL^/tL^), 
it follows that tAP = M^+'^^i , i.e., ep^, = ep, = ep. 

Let V21 = Homp(I^i, V2). Define a lattice chain ^ = {iV*} in V21 in the same 
way as for ^ . An argument similar to that given above shows that ^ is uniform 
with period ep and that the operator on V21 defined by d'p^{x) = I32ux — xj3ii, is 
an endomorphism of .A' of degree — r. We let (P21 , r, d'p) be the associated stratum. 

Lemma 2.24. The stratum (P2i,r, 9^) is strongly uniform. 

Proof. It only remains to show that 9^(iV*) = TV*^'" for all i. First, observe that 
there is a natural injection ^ so by Proposition 12.51 we have a surjection 
«p-j ^ — > (M*)^. Since the kernel of this map consists of the image of the 
"block upper triangular" matrices, we see that (M*)^ = 7V^\ Next, if x £ AP and 
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{Pix - x/32, 2/)i/ = Res(Tr(/?ia;?;)j/ - TY{xfi2v)i') 
= Res(Tr(a;y/3i)z/ — TT:{xj32y)v) 

= -{x,P2y - yPiiu- 

Since : Af* — )■ M*"'' is an isomorphism by Remark 12.181 it follows that 
i9^(iV-*+^) = TV-'', so dp[N^) = N'-"^ by the same remark. 

□ 

Suppose that (Vi , V2) splits a uniform stratum (P, r, /3) as above. By Remark r2.21l 
epi = = ep. Thus, it is never the case that = L''^^^ using the indexing con- 
vention in Definition [22Q1 and indeed = {Lj)i^z- In this setting, it makes sense 
to think of {P, r, f3) as the direct sum of (Pi, r, (3i) and (Pj, r, (32)- 

In the following, let J be a finite indexing set, and suppose Vj = ^j^jVj, 
with each Vj 7^ {0}. Let {Pj,r,/3j) be a stratum in GL{Vj) corresponding to a 
uniform parahoric Pj, and let ep^. — ep^ for all j,k. Define Lj = ^j^jL^j and 
— and let Pj C GL(y) be the parahoric subgroup that stabilizes ^j. 

Finally, let /3j = 0^.^^ . 

Definition 2.25. Under the assumptions of the previous paragraph: 

(1) When J = {1, 2}, we say that (Pj, r, = (Pi, r, /3i) ® (P2, r, /Ja) if (l^i , V2) 
splits {Pj,r,l3j). 

(2) When J = {l,...,m}, we define the direct sum recursively by 

0(P„ r, = (Pi, r, /3i) © ((P2, r, /Ja) ® (• ■ • ® (P™, r, /3„))) . 

Note that if we set Ji — {i, - ■ ■ ,m} for £ G J, then {Vg, Vj^+J must split 
(Pj,,r,/3jJ for aUl 

(3) We say that a uniform stratum (P, r, /3) G GL{V) splits into the direct sum 
0^gj(Pj, r, /3j) if there is an isomorphism V ^ Vj under which {P,r,f3) 
and {Pj,r,/3j) are equivalent. 

Remark 2.26. It is clear that the direct sum operation is associative. It is not 
symmetric because Definition 2.22(2) implies that (Pj,r,/3j) is strongly uniform 
whenever j ^ m. The definition is easily modified to make it symmetric, but we 
will not do so here. 

We can determine if a stratum has a splitting by considering the characteristic 
polynomial of (P, r, /?). Fix a parameter t G F and let g = gcd(r, ep). Define an 
element 

(2.6) y^ = Pt^/H'-Zs e^. 

Recall from Remark 12.81 that determines a conjugacy class in g[„(A;). 

Definition 2.27. We define the characteristic polynomial 0^ G k[X] of the stratum 
{P,r,(3) to be the characteristic polynomial of yp. 

The local field version of the following proposition is in [T8| Proposition 3.4]. 

Proposition 2.28. Suppose that gcd(r, ep) = 1 and r > 0. The stratum {P,r,(3) 
is fundamental if and only if <f)f}{X) has a non-zero root. If (P, j3) is fundamental, 
it splits if (t>fj{X) = g{X)h{X) for g,h ^ k[X] relatively prime of positive degree. 
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Remark 2.29. Given any fundamental stratum {P,r,j3), one can always find a re- 
duction that satisfies the condition gcd(r, ep) = f by Lemma [2. f 91 

Proof. Note that Pi, and = f^Pl^ , viewed as endomorphisms of gr(^), are either 
simultaneously nilpotent or not. Using the identification of and a Levi subalgebra 
of gl„(fc), we see that the latter is nilpotent if and only its characteristic polynomial 
4>i3{X) equals X". Since {P, r, (3) is not fundamental if and only if /S^ is nilpotent, 
we see that {P,r,P) is fundamental if and only if (fipiX) has a nonzero root. 

Let (f>j3 G F[X] be the characteristic polynomial of y = ■ Then, nec- 

essarily has coefficients in o and (/)^ = 4)p (mod p). Hensel's lemma states that 
<j)[X) — g{X)h{X), where h = h (mod p) and g = g (mod p). 

We take Vi = ker((7(y)) and V2 = ker(/i(y)). By Lemmas 3.5 and 3.6 of [18], 
{Vi,V2) splits P and (3 at level r, (3i{L\) = L*"'' for all i, and dfj{M^) = M^""^ for 
all j. Therefore, (Vi,V2) splits {P,r,(3). □ 

Corollary 2.30. Suppose that [P,r,j3) is a uniform stratum that is not strongly 
uniform. Then, {P,r,j3) splits into the direct sum of two strata (Pi,r, and 
{P2,r, 132), where {Pi,r,l3i) is strongly uniform and {P2,r,l32) is non-fundamental. 

Proof Factor (j)piX) = g{X)h{X) so that h{X) = X™ and .g(0) ^ 0, and let Vi 
and V2 be the subspaces from the proof of the previous proposition. Since (P, r, /?) 
is fundamental, deg{g) > and Vi is nontrivial. Moreover, Remark 12.181 implies 
that Vi ^ V: if not, = t^'P^^ (and hence would be invertible endomorphisms 
of gr(^), contradicting the fact that {P,r,/3) is not strongly uniform. 

Since (and hence /3i/) restricts to an automorphism of gr(^i), the same remark 
shows that (Pi,r, /3i) is strongly uniform. On the other hand, since yp restricts to 
a nilpotent endomorphism of gr(^2), Remark 12.141 shows that {P2,r,/32) is not 
fundamental. □ 

3. Regular Strata 

In this section, we make precise the notion of a stratum with regular semisimple 
"leading term" . We introduce the concept of a regular stratum; this is a stratum 
which is "graded-centralized" by a maximal torus. Regular strata do not appear 
in the theory of strata for local fields. However, they play an important role in the 
geometric theory. 

3.1. Classification of regular strata. Consider a stratum (P, r, /?). Recall that 
the congruence subgroups P* act on (3^, by the adjoint action. In particular, 

Ad(P^)(/3,) C/3.+q2''-'', 

since p G P' implies that p and p^^ act trivially on U /U^^ . Define Z'^{(3^) C P* 
to be the stabilizer of {3^, (mod Notice that this is independent of the 

choice of representative {3^, for /3: if — (3^ + 7, for some 7 G , then 

Ad(P0(7) C 7-f 

Let T C Ghiy) be a maximal torus. The corresponding Cartan subalgebra 
i C q\-{V) is the centralizer of a regular semisimple element and is therefore an as- 
sociative subalgebra. In particular, since t must have the structure of a commutative 
semisimple algebra, t is the product of field extensions of P: i = Ei x E2 x . ■ . x Eg 
and T = Pf x P^ x . . . x E^ . We let Oj be the ring of integers of Ej and pj its 
maximal ideal. Let Sj = [Ej : F]. The field Ej contains a uniformizer which is an 
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s* root of t; we let ujj G t denote this uniformizer supported on the j summand. 
We win also denote the identity of the j*'* Wedderburn component of i by Xj- 

There is a map Nt : T {F^Y obtained by taking the norm on each summand. 
Define r(o) = N^^{o^Y — JJj . Similarly, there is a trace map Trj : t — )• F^, 
and we set i(o) = Tr^"^(o) = rij Oj- We also define a finite-dimensional /c-toral 

subalgebra and fc-torus: C t(o) is the fc-linear span of the Xj's and = (t^)^ C 
T(o). Of course, ^ (k^'Y and k^. 

We will be concerned with tori which are compatible with a given parahoric 
subgroup in the sense that r(o) C P or equivalently t(o) C *p. 

Lemma 3.1. // T(o) C P, then T n P' = T(o) n P' and t n = t(o) n for all 
i > 0. 

Proof. It suffices to show that T 11 P — T{o) and t n *P = t(o); moreover, the 
first statement follows from the second by taking units. Since the central primitive 
idempotents Xj are contained in t fl *P, it is enough to check that if xxj S Ej n *P, 
then X ^ Oj. Suppose x ^ Oj, so that xxj = ujjf for some / g o^^ and q < 0. Since 
o^Xj G P C <P, we see that w| e <p. This implies that f^Xj = tjf" e <p. We deduce 
that f^Xj G *P for all s S Z, which is absurd. □ 

Definition 3.2. A uniform stratum (P, r, /3) is called regular if there exists a max- 
imal torus T (possibly non-split) with the following properties: 

. T(o) C P; 

• = Z'iP^) for all i; 

• UjS € P (defined as in (|2.6p ) is semisimple; 

• in the case r — (and thus ep = 1), the eigenvalues of € flK^") are 
distinct modulo Z. 

We say that T centralizes (P, r, /?). If P = P^ for some field extension E/F, the 
stratum is called pure. 

Remark 3.3. Suppose that {P,r,/3) is a regular stratum centralized by T, and L 
is a lattice with P C GL(P). Then, for any g e GL(P), {gPg^^ ,r, Ad* {g)l3) is a 
regular stratum centralized by gTg^^. 

Remark 3.4. If T centralizes a regular stratum {P,r,l3), then any conjugate of T 
by an element of P^ also centralizes {P,r,l3). Thus, T is not unique. 

It will be useful to have a variation of Definition [321 in terms of the graded action 
of i on /3. Define 3'(/3^) C to be the image of {z e | ad(z)(;3^) e 

Proposition 3.5. Let P be a uniform parahoric, and let {P,r,(]) be a regular 
stratum centralized by the torus T. Then T' — Z*(/3^) if and only ifV' = l^{Pv) for 
each i>Q. 

Proof. First, we take i — Q. Suppose i" — i°{(3,^). Given z G P, it is clear that 
zj3^z^^ — G rp-r+i jf g^j^^ Qjjj^y ad(z)/3^ G This immediately gives 

PO C Z°{P^). It also implies that if zP'^ G Z°{fi^), then z + ^^ G By 
assumption, this means that there exists s G t(o) such that z — s £ and we 
obtain s G P n t(o) = r(o). Consequently, s'^z G P\ i.e., zP^ G T°. 

Next, suppose that Z'^{/3^) = T'^. Recall that a finite-dimensional A:-algebra is 
spanned by its units. (Let A be such an algebra with Jacobson radical J. Since 
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1 + X £ for X G J, J is in the span of A^. Moreover, a G if and only if 
a G (A/J)^ . The resuh now fohows because A/ J is a product of matrix algebras, 
and hence is spanned by its units.) We show that = (t")^- Suppose 

y G {}'^{f3i^))'^ C Since is the Jacobson radical of *P, any z G *P lifting y is 
invertible, hence lies in P. The argument above shows that zP^ G Z°(/3y), so we 
can assume z Q T, i.e., y G (t°)^. A similar argument (using the fact that a lift 
of 2/ G (F)^ to t(o) actually lies in T(o)) gives the reverse inclusion. We conclude 
that fiP,) = span = span ((?)><) = F. 

Now suppose i > 0. There is an isomorphism induced by X i— 1 + X. 

Since Ad(l + G + ad(X)(/3i.) + fp-'-+*+i for X G ^P*, it is clear that this 

map restricts to give an isomorphism between 3*(/3) and Z^{(3). Since this same 
map takes V to T", the proof is complete. 

□ 

Remark 3.6. If T centralizes {P,r,(3), then in fact — 3*(/3t/) for all i G Z. For 
i > 0, this has been shown in the proposition. On the other hand, if i < and s is 
any integer such that i + sep > 0, then the result follows because multiplication by 

induces isomorphisms f ^ V+'^^iP^) and 3' ^ 3'+"'=^ Since G 3"'' 
/3y G t n + it follows that we can always choose the representative 

/3. G tn^-r 

Corollary 3.7. Let {P,r,f3) be a regular stratum centralized by T and let X G 

If (3y G r'' IS a representative for (3, and a.A(X)(l3^) G , then X G . 

Proof. When £ > j, there is no content. We note that the case j = £ + 1 follows 
from Proposition 13.51 and Remark 13.61 By induction on j > £, suppose that the 
statement is true for j - 1. Let Y G satisfy X - Y e t. Then, X e i'^ + 

if and only if F G t-'^^ + The latter statement follows from the base step 
above. □ 

The main goal of this section is to give a structure theorem for regular strata. 

Theorem 3.8. Let {P,r,/3) be a regular stratum. 

(1) // {P,r,l3) is pure, then ep = dimV^. 

(2) (a) If {P,r,j5) is strongly uniform, then it splits into a direct sum of pure 

strata (necessarily of the same dimension). 

(b) // (P, r, /3) is not strongly uniform, then ep = \ and (P, r, j3) is the di- 
rect sum of a regular, strongly uniform stratum and a non-fundamental 
stratum of dimension 1 . 

In each case, the splitting coincides with the splitting induced by a P^- 

conjugate of T . 

Corollary 3.9. Let (P, r, /3) be a regular stratum centralized by T . Take E / F to be 
the unique (up to isomorphism) field extension of degree ep. Then, T = (iJ^)"/'^^'. 
Moreover, the maps T^ — )■ and ^ are isomorphisms. 

Remark 3.10. We note that if (P, r, /3) is not strongly uniform, Theorem l3.8l implies 
that ep — 1. By the corollary, this can only happen when T is totally split. 

The following proposition allows us to make sense of what it means for an element 
Pu to have regular semisimple leading term. 
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Proposition 3.11. // (P,r,f3) is regular, then every representative Pi, for /3 is 
regular semisimple. 

By Remark 13.61 we may choose G in*P^''. Corollary 13.91 implies that is 
a block diagonal matrix with entries in F[we]^- Then, the leading term is the 
matrix consisting of the degree —r/ep terms from each block diagonal entry in Pi, 
(after identifying vje with i^/^^). 

It suffices to check that P^ — PI G in which case Proposition [3lTT] implies 

that PI is regular semisimple. If ep — 1, this is clear. When ep > 1, we may 
assume without loss of generality that the splittings for T and {P, r, P) are induced 
by the same splitting of V . In particular, the j*'' block-diagonal entry Pji, is a 
representative for the j*^ summand of {P,r,P). Therefore, by Theorem 13.81 we 
may reduce to the case where {P,r,P) is pure and ep = dimy. In this case, we 
generates Cp^, so it is clear that Pu ~ PI & 

We call a maximal torus uniform if it isomorphic to [E^Y for some field exten- 
sion E. Given a fixed lattice L and a uniform maximal torus T with T{o) C GL(L), 
we can associate a corresponding parahoric subgroup Pt,l C GL{L) containing T{o) 
as follows. The isomorphism t = E^ induces splittings V = OVj and L = ®Lj. 
Lemma [2.41 states that there is a unique complete lattice chain {Lj)i^z in Vj up 
to indexing; we normalize it so that = Lj. Let J^r be the lattice chain with 
U = ®Lj, and let Pt,l be its stabilizer. Since Lq — L, we have Pt,l C GL(i) as 
desired. It is obvious that T(o) C Pt,l- Note that ep^ ^ — n/i = [E : F]. 

Given a uniform torus T, there is a canonical Z-grading on its Cartan subalgebra 
t; the i*'' graded piece is given by ^ kzu^^Xii where njg is a uniformizer in E which is 
an [E : i^]*'' root of t. We denote the corresponding filtration by t^*'' ~ ^ Oew^eXi- 
There is a corresponding canonical N-filtration on r(o) given by T(o) = T{o) and 

Proposition 3.12. Let L be a fixed lattice, and let T = {E^Y be a uniform 
maximal torus with T(o) C GL(L). 

(1) If P d GL(L) is a parahoric subgroup for which there exists a regular 
stratum (P, r, P) centralized by T, then P = Pt.l- 

(2) Let r > satisfy {r,n/l) — 1, and suppose x G i^^ has regular semisimple 
leading term. Then, there is a unique regular stratum (P, r, P) with P C 
GL(_L) which has x as a representative. 

(3) The canonical filtrations on i and T(p) coincide with the filtrations induced 
by Pt,l, i-e., =tnq3^^ and T^'^ =TnPf^. 

Proof. Let (P, r, P) be a regular stratum as in the first statement. Since P C GL(L), 
we may take L*^ = i in the corresponding lattice chain By Corollary 13. 9[ 
i = P"/^^, so ep ^ n/e. Theorem \3M implies that the splitting V = ®Vj induced 
by t = P"/ep splits {P,r,P) into a direct sum of pure strata when ep > 1 and 
a sum of one-dimensional strata (with at most one non-fundamental summand) 
when ep = 1. In either case, each Vj is an P- vector space of dimension one, and 
P' = ©(P*n V, ). However, Lemma [2^ states that there is a unique complete lattice 
chain (Pp^gz in Vj up to indexing, and we know that L'j ~ L D Vj. By definition, 
^ = ifr, so P = Pt,l- 

The uniqueness part of the second statement is now immediate. For existence, it 
is clear from the construction of Pt,l that [aiw]^^ , . . . , aew]^^) G P^ = t determines 
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a regular stratum with parahoric subgroup Pt,l if o,i 7^ o,j whenever i ^ j and r 
is coprime to n/i. Since the leading term of x is regular semisimple, we obtain 
a regular stratum [Pt.Lt^, P) with the leading term of x, and hence x itself, as a 
representative. 

Finally, t|y^ ^ E. It follows that L) = vj^^L^y We deduce that t n = 
@{i\v, n<P^ ^0) = ®OEVJ^EXj = t(^). The fact that ^ T ^ is an 
immediate consequence when i >1. The i = case is obtained by taking units in 

□ 

If (P, r, /3) is a regular stratum centralized by T, then the proposition shows that 
{i*} and {T*} are actually the canonical filtrations. 

Remark 3.13. Given a fixed _F-isomorphism V F", we can choose a standard 
representative of each conjugacy class of uniform maximal tori. Indeed, if the torus 
is isomorphic to then under the identification GL(y) ^ GL„(F), 

we can choose a block diagonal representative T (and t) with each uniformizer 
t^^^ mapping to the e x e matrix vjj from (|2.2p in the corresponding block. In this 
case, Pt is the standard uniform parahoric subgroup that is 'block upper-triangular 
modulo t\ 

3.2. Lemmas and proofs. We now give proofs of the results described above. We 
also include some lemmas that will be needed later. We remark that this section is 
largely technical in nature. 

Lemma 3.14. The homomorphism T" is an injection, and if U is the unipo- 

tent radical ofT^, then the induced map is an isomorphism. Similarly, 

the map ^ F is an injection which induces an isomorphism ^ = P/n, where 
n C P is the Jacobson radical. 

Proof. It is immediate from the definitions that (Z P and Ci P^ — {1}, so 
T" is injective. Moreover, the unipotent radical U of is the image of 

Yiji^ + Pj)j whence the isomorphism T^/U. A similar proof works for 

□ 

Lemma 3.15. Suppose that P is a uniform parahoric and {P,r,/3) is a non- 
fundamental stratum in an F-vector space V. If {P,r,l3) satisfies the first three 
conditions of Definition lS.^ and gcdfr. ep) = 1, then V must have dimension one. 

Proof. Since (P, r, /3) is non-fundamental, it follows that there is a minimal m > 
such that € fp-''™+i. Without loss of generality, we may assume /3™ = 0. 
Indeed, after choosing a basis, Lemma [2^ shows that we may take the representative 
P„ to be the product of zup'^ with an element D € I). By Remark 12.121 we may 
assume Ad(n7p)(f)) C i). Therefore, (DiUp'')™ = D'wp'""' for some D' E t). Since 

iJ'wp™ e fp-™+i, D' e n [) = {0}. 

First, we claim that is regular nilpotent. Let 3 be the centralizer of /3i, in *p. 
Note that 3 is a free o-module of rank equal to the dimension of the centralizer of 
P„ in 2l{V), hence is at least n. Since Nakayama's lemma implies that rank(3) — 
dimk{^/t^), to show that P^, is regular, it now suffices to show that dmik{^/t^) < n. 

By Lemma l3.H P/t'^'' = t(o)/ti(o), which clearly has fc-dimension n. Also, 
recalling our convention that 3' is the projection of 3 in we have 3* C 3'(/3). It 
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follows that 

ep — 1 ep— 1 

dimfc(3/t3) < J2 dinife(3*(/3)) = ^ dimfc(?) = dimfe(t(o)/rt(o)) = n 

2 = 2 = 

as desired. Note that this argument actually shows that any coset representative 
Pi, is regular. 

Since the index of nilpotency of a regular nilpotent matrix is n, we have m = n. 
In particular, since = i'"/3J;^ + G $ is nilpotent, yp is semisimple only if 
VPl^ e This implies that iSf,^ e so n > ep > m, i.e., ep = n. Thus, 

P = / is an Iwahori subgroup, and gcd(n, ?-) = 1. 

In the notation of Section l2.3[ we write Pi, = xwj^ where x = diag(xo, . . . , a;„-i) G 
i). Define a''{x) = {x-qr,xi-qr, ■ ■ ■ ,Xn-i-qr) to be the cyclic shift of the coeffi- 
cients of X by —qr places (with indexing in It is immediate from ()2.3p that 
Ad{vi7j)ix) = a^x). Therefore, 

Pt = X Ad(tn7'-)(x) . . . Ad(tu7<""'^")(a;)tu7'--^ = ^^^(x) . . . a'-^{x). 

By assumption, (3"^^ ^ 0. Thus, one of the components x'j = xjxj^r ■ ■ ■ Xj_(„_2)r 
of x' — xa^{x) . . . ct"^^(x) is non-zero; since gcd(7-, n) — 1, Xj is the product of all 
but one of the components of x. Moreover, /3" — 0, so x'jXj_(^n-i)r = and we 
conclude that exactly one component of x is equal to 0. 

Without loss of generality, assume that xq = 0. Then, if p G we may 

choose a representative p = diag(po, • ■ • iPn-i) & f*- Equation (|2.4p shows that 
Pi — pi-r for all i; again, since gcd(r, n) = 1, this implies that po = Pi = ■ ■ ■ = Pn-i- 
It follows that Z^{P) has dimension 1. Lemma [3. 141 now implies that also has 
dimension 1, so T = , where E/F is a field extension of degree n. 

By Lemma 12. 4[ £ is a saturated chain of o^j-lattices, so may assume that tui 
is a uniformizer in E. Applying (j2.3p . we see that ad(a;)(zz'/) = x'tui where x' = 
diag(a;o — xi,...). However, xo = and xi whenever n > 1, so E^ only 
centralizes {P,r,/3) when n — 1. □ 

Lemma 3.16. Let (P, r, /3) be a regular stratum centralized by a torus T. If (Vi, V2) 
is a splitting of (P,r, then (Pi,r, is regular, and (P2,?', /32) is either regular 
or non-fundamental. In the latter case, V2 has dimension 1 and ep = 1 . Moreover, 
there exists p G P^ such that {Vi,V2) splits the torus pTp~^ (which also centralizes 
{P,r,l3)) into Ti x T2; here, Ti centralizes (Pi,r, and T2 centralizes (P2,?', /32) 
when this stratum is regular. 

Proof. Let Zj{l3^) = Z^{l3j^), the centralizer of in Pj', similarly, let 3j(/3i/) = 
fiPj^). First, we claim that Z'^{fiy) — Zl{/3i,) x which is embedded in P' by 

diagonal blocks. It is clear that Z\{(3^) x Z2{f3u) C Z'^{l3^). Recall that dj^^ (resp. 
dp ) has trivial kernel in AP (resp. TV') by Definition 12.221 (resp. by Lemma [2. 241) . 
If we identify M* and TV* with the upper and lower off-diagonal components of 
then Sp^^ preserves each of these subspaces and restricts to dp^^ (resp. d'p^) on AP 
(resp. TV*). Since 5p^ also preserves the diagonal blocks, its kernel lies in ^\ x 

We handle the cases i > and i = separately. When i = 0, Z'^{j3y) C P C *p. It 
is clear that Z°{/3,^) lies in the kernel of Sp^. Therefore, Z^{l3„) is supported on the 
diagonal blocks, so Z^{j3„) = Z^{(3i,) x ^2 (/3,y). When i > 0, there is an isomorphism 
<pi ^ induced by x 1+x. Moreover, Adil+x){P^) G f3^ + iid{x){P^)+^i'-''+^ . 
Thus, Z^[l3i,)) must he in 1 -I- VeT:{5p^). The same argument as above implies that 
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Z^{f3^) is supported on the diagonal blocks and equals Z\{(3u) x Z\{(3u)- Similarly, 
one shows that 3*(/3iy) = liiPu) x i\{liu)- 

Let u be the Jacobson radical of If G *P is the idempotent corresponding 

to the identity in its image Ij in *P lies in 3^ (/3j/). Therefore, u = eiu + e2U, and 
the splitting = x I'iiP'^) induces a splitting on 3°(/3iy)/u. Moreover, 

this splitting is non-trivial, since tj has non-trivial image in ]P{j3^)/u. Lemma 
EH implies that ^ 3°(/3,.)/u, so t'' is split. Let e'^ and e'2 be the idempotents 
corresponding to the identity in each summand of t*" . The same lemma implies that 
t'j G *P is simply the identity matrix in the corresponding diagonal block; thus, 

G €j + These idempotents determine a splitting of t, and thus of T. Write 
T = T{x T^. We claim that = {f^y. Since = it suffices to 

show that (Tj)' maps to Zj{(3^). When i = 0, this is clear. In the case « > 0, 
e^tn^P* C ej<pVj -|-q3'+i. Since (Tj x l)nP* = 1-He^tnq3' and e^^i^Cj is the image 
of CP* embedded as a diagonal block, we see that (Tj)* maps to Zj{(3^) as desired. 

Let {V(, V2) be the splitting of V determined by V- = e'jV. Let p — ei€[ + €2^2, 
so p{Vj) C Vj. The map p induces the identity map on X', and since the kernel of 
p lies in fligz-^* = {0}, we deduce that p ^ P^. It is clear that pTp~^ centralizes 
{P,r,P) (indeed, this is true for any p G P"'^ by remark 15^ . and that {Vi,V2) 
splits pTp~^ into a product Ti x T2. Moreover, is semisimple if and only if y^^ 
and yp, are, since = r{l3i, + P2.T'' = T/?!^ + i'/^a^ = VPi + VP^- The fact 
that Ti centralizes (Pi,r, follows from the previous paragraph, so (Pi,r, /3i) 
is regular. The first part of Remark 12.211 implies that P2 is a uniform parahoric 
with epj = ep. If /32) is fundamental, we conclude in the same way that 

it is regular and centralized by T2. Finally, if P2 is non- fundamental, (P2,'', /?2) 
satisfies the conditions of Lemma [3.151 Thus, V2 has dimension 1, and moreover 
ep = ep2=l. □ 

Lemma 3.17. // (P, r, /3) is a pure stratum, then ep — n. 

Proof. Set m — n/ep^ and assume that m > 1. Let T — be a torus centralizing 
(P, r, /3) . By Lemma [2^ we can find a saturation — {L^e) of i^aX is stabilized 
by 0^;. We index so that L^' — L\ and let / be the Iwahori subgroup that 
stabilizes ^e- We fix a uniformizer we for -E; we can assume that ujp = vd^e- 
Recall that 3)j — ■we'3 — Juje by Proposition 12.31 Thus, w^'^U' = L^^^-' , and 
furthermore ro^ G <pL?^J. By Proposition O ad (tu^ G <p-'-+L^J+i. 

First, we show that G 3"™. By assumption, pS{.L^) C L'^"'^™. Now, take 
< j < m. We have 

since ad(n7^)(/?^)L* C L'-'^+i = Thus, G 3"™. 

We next show that ad{TUE){Pu) S ^ The calculation above actually 

showed that fiyW''^v = zu^'^fiyV (mod L ^™^'''^^) for any w G L'^ and < j < m. In 
particular, this gives 

■ujePv^e'" = T^^E^PvV = P^we^e'" (mod 

for < j < m— 1, with the first congruence also holding for j = m~l. However, the 
second congruence is also true when j = m — 1; in this case, 137;^^ — vup, and the 
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congruence follows from ad(n7p)(/3,)LO c L-'-+^ = ^^rm+2m ^ ^^rm+(m-i)+2^ 
The congruences also hold trivially for j = 0, so ad(ci7£;)/3y G j-rrn+2 desired. 

By Lemma Eini e E + 3"™+!. Thus, there exists PI G 3^™ n such 
that PI G P,, + Let /3_„„ = aw^™, with a G A:^, be the homo- 

geneous degree —rm term of PI, so that X ^ P^ — P-rm G j-rm+i^ Clearly, 
a.A{P-rm){Pi^) — s.d{P^rm){X). Moreovcr, since E centralizes {P,r,P), the remark 
after Proposition 13.51 shows that ad{P-rm){X) G CP"^''"'"^. It follows that X and 
P-rm commute up to a term in fp-2r+i^ 

(3.1) ep^"- = 1 + epfXPX^n^ + higher order terms. 

If X G for 1 < j < ep, then epfXpt^Vn ^ '^^ and the higher order 

terms of (13. ip lie in 3^^. In particular, ii X ^ *p~''+^, there exists 1 < j < ep 
such that X G \ g-rm+j+i^ j^j^^ j^Q^ follows that TV = ^Pf,^ - a"^ G 

2j-rm+j ^ j-rm+j+1 ^ j^- jg obvious that iV G *P is a nonzero nilpotent operator, 
so has Jordan decomposition = f^Pf — ol^^ 1 + TV. This contradicts the 
semisimplicity of yp, so X G 

On the other hand, if X G then F = 30(^^) By LemmaEIOl 

^^{P-nn) is one-dimensional if and only if to = gcd(— rm, n) = 1, contradicting our 
assumption that m > 1. Hence, m — 1 and ep = n. □ 

Proof of Theorem \3.8\ First, assume that {P,r,P) is strongly uniform. Suppose 
that we have a nontrivial splitting T — Ti x T2, with corresponding idempotents 
ej. Setting Vi = V^'''^'' and V2 ^V'^^'^'^, we show that (Pi, V2) splits P and /3 at 
level r. Note that e^ G *P, since ej G t(o). Therefore, = CjX*, and = L\® L^. 
By Remark 12.211 in order to see that (Vi,V2) splits P and /3, it suffices to show 
that eiPuf-2 and e2/3iyei are in 

Note that e^ G T^; indeed, it is a (nonempty) sum of the primitive idempotents Xi 
for t. By Lemma [3. 141 aiei +0262 G Z^{P^) for any 01,02 G . This implies that 
Ad(aiei a2e2)(ei/3j.e2) = ^ei/3i.e2 = ei/3i.e2 (mod accordingly, eiP„€2 e 

Similarly, e2/3,.e2 G 

Let {Pj , r, /3j ) be the stratum corresponding to Vj . By Remark 12.211 each 
{Pj , r, Pj) is strongly uniform. We next show that [Pi2,r, dp) is uniform. Using no- 
tation from the previous section, dp determines a map from — M^~'^. It has al- 
ready been established in p.Sp that ^ = {M^} is uniform. It remains to show that 
dp has trivial kernel in , say for all j > 0. If a; G keT{dp), then {Pi),yX = a;(/?2)i/ 
(mod M^-'^+i). Therefore, Ad(l -I- LiXTr2){Pu) = Pu (mod *pj-''+i), so 1 + tiXTTz G 
Z^{P^). However, (Ti x T2) n {I + nM^m) =_1, implying that x G M^+i. We 
note that in the case r = 0, the eigenvalues of Pi, are pairwise distinct modulo Z 
by Definition 13.21 A fortiori, the eigenvalues of {Pi)i, are distinct from the eigen- 
values of {P2)u modulo Z. We have thus shown that {P,r,P) is the direct sum of 
two strongly uniform strata, and Lemma 13.161 shows that these strata are regular 
(centralized by the Tj's). 

We can iterate this procedure until (P. r, P) is the direct sum of regular, strongly 
uniform strata each of which is centralized by a rank one torus, i.e., by the units of 
a field. Therefore, (P, r, P) splits into a sum of pure strata. 

Finally, suppose that (P, r, /3) is not strongly uniform. When r > 0, Corol- 
lary [2]30] implies that (P, r, P) splits into a strongly uniform stratum (Pi, r. Pi) and 
a non-fundamental stratum (P2, r, P2). By Lemma 13.161 V2 has dimension one and 
ep = 1. When r = 0, Definition 13.21 implies that the kernel of Pv has dimension one 
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and that the non-zero eigenvalues of /3,/ are not integers. Write i° = Vi © V2, where 
V2 — ker(/3i/) and Vi is the span of the other eigenvectors. It is easily checked that 
any lift of this splitting to induces a splitting V = Vi ® V2, and (Vi, V2) splits 
(P,0,/3). □ 

Proof of Corollarv \3.9[ When {P, r, (3) is strongly uniform, Theoreni l3.8l states that 
{P,r,/3) splits into a sum of pure strata {Pi,r,j3i) with ep. — ep. Therefore, 
by Lemma [3.17[ {Pi,r,l3i) is centralized by a torus isomorphic to , and each 
component Vi C V has dimension ep. It follows from Lemma 13.161 that T = 
j^^x^n/ep Otherwise, ep = 1 and {P,r,(3) splits into a strongly uniform stratum 
(Pi,r, and a one-dimensional non- fundamental stratum (P2,r, /32)- In particu- 
lar, by Lemma |3.16[ this gives a splitting of a conjugate of T into Ti x T2, where 
T2 = . Since ep = 1, it follows from the theorem that Ti also splits into rank 
one factors. 

We now prove the last statement. By Lemma r3.141 we know that t*" = t^/n, where 
n is the image in *p of JlPs. However, we have already seen that {we, ■ ■ ■ , we) 
generates so n = {0}. The proof for is similar. 

□ 

We can now prove Proposition 13. 1 11 First, we need a lemma. 

Lemma 3.18. Let (P,r,/3) be a regular stratum centralized by T, and suppose that 
/3jy € t-|-*P^''+™. Then, P^, is conjugate to an element oft by an element of P"^. 

Proof. Let E/F be a field extension of degree ep, and let zue he a, uniformizer 
in E. By Corollary 13.91 {P,r,(3) splits into a sum of pure strata {Pi,r,l3i), each 
of which is centralized by a torus isomorphic to E^ . In particular, we can choose 
a block-diagonal representative = (a\VD^ ^a^w^ , . . . ^anjep''^^) G Hi^^r'^- 
Denote the summands of by V^. We may identify the {i — off-diagonal block 
with HompiVjjVi). Let n C Qi{V) be the subalgebra of matrices in the {i — j)*'' 
off-diagonal block corresponding to HoiJiEiVj, Vt). If ai — aj, then 1 -|-n centralizes 
13^,. Since ((1 + n) n P')P'+i ^ x^pt+i^ this is a contradiction. Thus, the a/s are 
pairwise distinct. 

By Proposition[2ini there exists X„i e ^P" such that ^,.-7rt(/3^) = ad(^^)(X,„) = 
ad(/3i,)(X„) (modqj^-r-)^ Therefore, Ad(l + X„)(/3^) = 7rt(/3^) (mod 
ductively, we can find Xj G so that, setting pj = (1 -I- + Xj^i) . . . (1 -|- 

Ad(pj)(/3^) G t-h<P^+i-'^ andpj = pj-i (mod P^-^). If we let p G P^ be the 
inductive limit of the Pj's, we see that Ad{p)(J3^) G i. □ 

Remark 3.19. We note that, in the argument above, it is not necessarily the case 
that is conjugate to 7rt(/3i,). 

Proof of Proposition \3.11l It was shown in the proof of Lemma 13.151 that any rep- 
resentative is regular. To show that /?y is also semisimple, it suffices to show 
that it is conjugate to an element of a Cartan subalgebra t. 

First, suppose (P, r, /3) is strongly uniform. By Theorem 13.81 and CoroUarv 13.91 
there exists a splitting V — Vi®- ■ - (B Vn/ep with dim Vi — ep for each i and a block 

diagonal /S'^ = (A,) G UiiT 9KV^) such that G /?^, and the (P»,r, A)'s 

are pure strata. Moreover, by Lemma 13.161 we can choose a maximal torus T 
centralizing (P, r, /3) such that the splitting of V induces a splitting T = Ti x • • • x 
Tn/ep, with Ti centralizing {Pi,r,j3i). Since Ti is isomorphic to the units of the 



24 



CHRISTOPHER L. BREMER AND DANIEL S. SAGE 



field extension E/F of degree ep, Lemma [2.101 implies that e Ti C\'^l^ 
Therefore, E t + *p^^''. By Lemma [3. 181 is conjugate to an element of t. 

If (P, r, /3) is not strongly uniform, then ep = 1 by the second part of The- 
orem 13.81 As above, we can choose a splitting V = Vi (B ■ • ■ (B Vn, a diagonal 
representative f3l G nr=i0'(^i); ^^d a compatibly split torus T which centralizes 
{P,r,l3). In this case, dimVi = 1 for all z, so t = nr=i sK^O ^-^d G t. In 
particular, (3^ € + ^^~^ , and Lemma 13. 181 again implies that f^^, is conjugate to 
an element of t. □ 

We conclude this section with two lemmas that will be needed in Section [S] 
We recall from Remark 13.61 that if {P, r, f3) is a regular stratum centralized by the 
maximal torus T, then one can choose [3^ € i. We next show that if two such 
representatives are conjugate, then they are the same. 

Lemma 3.20. Suppose that (P,r,f3) is a regular stratum. Choose representatives 
etfor/3. IfM{g){p,) = p'^ for some g € GL(y), then = 

Proof. By Proposition 13.111 is regular semisimple. Since Ad(g)(/3i/) € i, g lies 
in the normalizer of T. Let w be the image of g in the relative Weyl group W = 
N{T)/T. It suffices to show that w is the identity. 

Fust, we show that Ad(g)(f ) C i\ RecaU from Corollary [SH that t ^ ]Xi=i'' 
so t splits over E. Let ojj be a uniformizer of E supported on the j*'' summand 
of t as before; we have Wj^j — in the splitting determined by Theorem 13.81 

Therefore, consists of those {xj) G n"=i^ ^ such that Xj e wjo^. These are 
precisely the F-rational points of with eigenvalues of degree at least i/ep. Since 
the action of W permutes the eigenvalues, it follows that Ad(.g)(t') C (f). 

Suppose that s £ . The previous paragraph shows that Ad{g){j3i, + s) — 131 + 
Ad(g)(s) e + t^-r By induction on i, Ad{g'){l3^) £ + t^"'', so Ad{g'){l3^) is 
a representative for /3. Let m be the order of w. Then, /3" = — (X^I^o^ A.d((?')(/3,y)) 
is a representative for /3 fixed by the action of w. Since /3" is regular semisimple, 
w must be the identity. 

□ 

Lemma 3.21. Suppose that {P,r,l3) is a regular .stratum centralized by T and that 
Pi, G t^*". Let A G QiiyY he the functional determined by P^, and v. Then, A 
determines an element Ai G by restriction, and the stabilizer of Ai under 

the coadjoint action of P^ is given by y^p^'+i-* whenever r > 2i, and P^ whenever 
r < 2i. 

Proof Recah from Proposition [23] that = Thus, Ad*{p){A,) = A, if 

and only if Ad{p){P„) € P^ + If r < 2i, then -r + i > -i + 1. Therefore, 

since Ad(p)(/3i,) G + for any p e P^, P^ lies in the stabilizer of Ai in this 

case. 

Suppose now that Ad* {p){Ai) — Ai and r > 2i. The image of p in P* must lie 
in Z'{P^); therefore p = tp' e T''P^+^. Assume, inductively, that p = tq e T'-pi 
with j < r + 1 — z. 

Since Ad{t~^){p^) = P,,, q stabilizes Ai. Moreover, Ad(PJ)(/3^) C + qj^-''; 
since j — r < I — i, the image of q in P-* lies in Z^{P,y). Therefore, q G T^P^^^ C 
T^pi+^. We conclude that p G T^pr+^-i^ when j = r + 1 - i, Ad(PJ)(/3^) C 
Py + so P^ stabilizes Ai. It is now clear that T^P''+i~* stabilizes A^. □ 
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Note that although the functionals Ai depend on the choice of /3i/ e t their 
stabiUzers do not. 



4. Connections and Strata 

In this section, we describe how to associate a stratum to a formal connection. 
The local theory of irregular singular point connections is well understood; an 
elegant classification is given in [2Ql Theorem III. 1.2]. The geometric theory of 
strata provides a Lie-theoretic interpretation of elements in the classical theory. 
In particular, the combinatorics of fundamental strata may be used to determine 
the slope of a connection, and the theory of strata makes precise the notion of 
the leading term of a connection with noninteger slope. Moreover, a split stratum 
induces a splitting on the level of formal connections. 

First, we recall some notation and basic facts. As before, k is an algebraically 
closed field of characteristic 0, o is the ring of formal power series in a parameter t, 
and F is the field of formal Laurent series. 

(1) Vp (resp. T>o) is the ring of formal differential operators on F (resp. o). 
Vp is generated as an F-algebra by 9t = ^ and contains the Lie algebra 
of fc-derivations (i.e., vector fields) on F: Derfc(F) — Fdf. 

(2) fl^ C is the F^-torsor of non-zero one forms in ^p/f.; if e fl^ , 
then ^ g is the unique element such that ~ uj. 

(3) If G 57^, there is a unique vector field Ti, e Dp whose inner derivation 
takes v to 1, i.e., tr„(i^) = 1. For example, tm = tdt, and r^jy = ^d- 

(4) A connection V on an F- vector space ^ is a fc-linear derivation 

V : y ^ y (g)F ^F/k- 

The connection V gives V the structure of a Vp-module: if w G and 

e e Derfe(F), then ^v) = VfW =' i^VW)- 

(5) A connection V is regular singular if there exists an o-lattice L (Z V with 
the property that V(L) C F (SDo ri^^j,(l). Equivalently, if i/ e fl^ has order 
— 1, Vr{L) C L. Otherwise, V is irregular. 

(6) Suppose V has dimension n. Let V*""^ = F" be the trivial vector space 
with standard basis. If we fix a trivialization (j> : V V*^"'^ , then V has 
the matrix presentation 

(4.1) V = d+[V]^ 

where [V]^ G 0[„(F) 17^^^,. The space of trivializations is a left GL„(F)- 
torsor, and multiplication by g changes the matrix of [V]^ by the usual 
gauge change formula 

(4.2) 9-NU:^gNUg-'^(.dg)g-\ 

Thus, [V]g0 — g ■ [V]. We note that the matrix form of Vr is given by 
[Vr]0 = ir([V]0), with gauge change formula g ■ [Vr]^ := ^[Vrl^g""^ - 
{Tg)g^^. We will drop the subscript <p whenever there is no ambiguity 
about the trivialization. 
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4.1. Strata contained in connections. Let V be a connection on an n-dimensional 
i^- vector space. Fix G fi^, and set t — t^. Suppose that ^ is a lattice chain 
with the property that Vr{L') C . We define gr*(V^) to be the 

fohowing map induced by Vr: 

&P — 1 ep — 1 

By Lemma this determines an element of . Equivalently, if we 

fix a trivialization of (viewed as a trivialization of V taking U to o"), then 
gr*(Vr) equals the image of 0-i[Vr]0 in ^-r-{i+ord{v))ep _ 

Definition 4.1. We say that {V,V) contains the stratum {P,r,f3) if P stabilizes 
the lattice chain {L'), Vr{L') C L^-r-{l+o'cd(y))ep i, and gr^(V^) = (3^ € 

Proposition 4.2. The stratum {P,r,l3) is independent of v ^ £7^. 

Proof. Take v' = fv for some / £ F^, so that r' = t^i = jT^. Since Vr' = 
jWr, it is clear that Vr'{L') C L'-r-a+oi-d{^'))ep ^j^^j ^j^jy analogous 
inclusion holds for ly; in addition, gr*(Vr') = j gr' (V^.). On the other hand, if /S^, G 
5p_r_(i+ord(>.))ep jg ^ representative for the functional /3 on then {13^, X)^ 

X}^' for all X G implies that one can take /3j/' = j(3^. Hence, gr'{Vr') = 
Pi'. □ 
For the rest of Section |4l we will fix G 17 ^ of order — 1 . 

Proposition 4.3. Suppose that r > I. Then, the coset in determined by 

gr^(VT) under the isomorphism (|2.ip is independent of £. 

Proof. The maps gr^(Vr) and gr°(VT-) determine the same element on when 
they "coincide up to homothety" . More precisely, we must show that if < i < ep 
and £ < i + jep <£ + ep, then VriPv) = PVr{v) (mod L'+jep+i) foj. y ^ 

By the Leibniz rule, Vr(<"'f) — ^^^^(t^v) + PV r{v). However, ^^^^ G o, so for 

r > 1, ^^{Vv) G L'^+J^p C L^+J'=p-'-+i as desired. □ 

In other words, if r > 1, the gr^(Vr)'s determine a unique coset gr(Vr) G ^P"""; 
viewed as a degree — r endomorphism of gr(.if), gr(Vr)(x) — gr^(Vr)(a;) for x & 
and any £ with £ < i < £ + ep. 

The following lemma will be used in Sections 14.31 and [SI 

Lemma 4.4. If P C GL„(o) is a parahoric subgroup, then t(*P^) C Moreover, 
ifpeP, then T{p)p^^ G 

Proof. Let ^ be the lattice chain stabilized by P such that L'^ — o". We may 
choose a basis ei, . . . , e„ for o" that is compatible with ^ (as in Remark 12. 9p . It 
is clear that t{U) C V for any j, since T{ei) C to". Therefore, if w G U and 
X G r(X)w = r(Xw) - Xt(v) G It follows that t{X) G 

By Lemma |2.6[ there exists C GL„(fc) for which P — P^ x H. Hence, 
it suffices to prove the second statement for p G P^. Since P^ is topologically 
unipotent, exp : — > P^ is surjective. If p = exp(X), we obtain 

r(exp(X)) exp(-X) = t(X) exp(X) exp(-X) = t{X) G qj^ 
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□ 

We now investigate the strata contained in a connection. 
Lemma 4.5. Every connection (V, V) contains a stratum. 

Proof. Take any lattice L C V with stabihzer P, and let ^ be the lattice chain 
(i* — t^L). It is obvious that VriL) C L^^ for some r > 0. The Leibniz rule 
calculation from the proof of Proposition 14.31 shows that \7t{L^) C L^~^, so {V, V) 
contains {P,r,f3), where f3 corresponds to gr'^(VT). □ 

One of the standard ways to study irregular singular connections is to find a 
good lattice pair. The theory of good lattice pairs bears a superficial resemblance 
to the theory of fundamental strata. However, we will see that there are only a few 
cases in which there is a direct relationship between the two theories. 

Lemma 4.6. [9] Lemme IL6.21] Given a connection (V,V), there exist two o- 
lattices C Af^ C V with the following properties: 

(1) V(A/i)cM2 0„r!j/,(l) 

(2) For all £ > 0, V induces an isomorphism 

(4.3) V : M\i)/M\£ - 1) = [m^ ®„ rf^/J^ + 1)1 / ®„ ^l/M ■ 

The connection V is regular singular if and only if = M"^ . 
We call and a good lattice pair for (V, V). 

Remark 4.7. In the regular singular case, the data of a good lattice pair (V, M^, 
M"^) is equivalent to a strongly uniform stratum contained in (V,V): take ^ — 
(i*Af^)igZ: and j3 such that the image of under the appropriate isomorphism 
(j2.1[) is tr(V) = gr^^(Vr). However, it is not immediately possible to construct a 
fundamental stratum from a good lattice pair in general. 

Given a good lattice pair and A/^, one might naively construct a lattice 
chain ^ as follows. Set L° = M^. Choose s e Z>o such that L°(s) D AP 
but L°(s - 1) ^ A/^ First, we suppose that AP = L"{s). Define ^ to be the 
chain (L* = t'^L'^). In this case, ep = 1. Take /3 such that /Sj^ = gr~^(VT-) as 
above. Equation (j4.3|) implies that (y, V) contains (GL(L°), s, /?), and this stratum 
is fundamental (in fact, strongly uniform). 

The naive generalization of the construction above does not necessarily produce 
a fundamental stratum. Set = M'^{-s) + L°{-1). Since L"(s) D AP, it follows 
using Nakayama's Lemma that the map AP{—s) — > L"/L"(— 1) is not surjective. 
We conclude that i'^ 2 2 -^"(^1)- This extends to a lattice chain ^ with 
ep = 2. 

Finally, it is clear that there exists a minimal r > such that Vt{L^) C 
for z = 0, 1. The usual Leibniz rule argument shows that \7r{L'^) C L*~'' for all i. 
Choosing (3^, e whose coset corresponds to gr^CV,-) (for some fixed j), we have 
the data necessary to give a stratum contained in (V, V). 

Notice that the stratum constructed above is not necessarily fundamental. For 
instance, suppose that 

|V,1 ' 



1 

in V = V^"'^. Set Ad^ = oei + oe2 and AP = p~^ei + 062- It is easy to check 
that this is a good lattice pair for {V, V), and our construction gives L''' — AP and 
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= oei + pe2. However, the coset in *P ^ corresponding to gr°(VT) contains the 
nilpotent operator ([] )• 

In Theorem l2.161 we showed that a stratum is fundamental if and only if it can 
not be reduced to a stratum with smaller slope. The main goal of this section is 
to show that the slope of a connection is the same as the slope of any fundamental 
stratum contained in it. First, we define the slope of a connection. 

Fix a lattice L <ZV . If e = {cj} is a finite collection of vectors in V , we define 
'!;(e) = m if m is the greatest integer such that e C f^L. Take e to be a basis for 
V . An irregular connection (V, V) has slope cr, for a a positive rational number, if 
the subset of Q given by 

{|(V;e) + (Ti| h > 0} 

is bounded. Here, V^e — {V^(ej)}. By a theorem of Katz ^91 Theorem II. 1.9], every 
irregular singular connection has a unique slope, and the slope is independent both 
of the choice of basis e and the choice of v of order —1. We define the slope of a 
regular singular connection to be 0. 

Lemma 4.8. A connection (y, V) contains a stratum of slope if and only if it is 
regular singular, i.e., has slope 0. Moreover, a regular singular connection contains 
a fundamental stratum with slope and no fundamental stratum with positive slope. 

Proof. If (V^, V) contains (P, 0,/3), then there exists a lattice L ^ I£ such that 
V t{L) C L. Thus, V is regular singular. Now, suppose that (V^, V) is regular 
singular. Lemma [4.61 gives a lattice L — — for which Vi-(i) C L. Thus, 
V,- preserves the lattice chain (L* = t^L), and the corresponding stratum has 
r = 0. Moreover, (|4?3l) implies that gT^'^{\7^){L~^ /L°) = L'^/L^, so the stratum 
is fundamental. 

Suppose that the same connection {V, V) contains a stratum (P, r, /?) with r > 
0. Let (L^) be the associated lattice chain. We will show that ^ G is a 

nilpotent operator on gr(^). With the lattice L as above, choose i and m > 
such that d L D L\ For < j < ep, we obtain (Vt-)'"(L*+^) C i C 

j^i+j-mr+i ^ By Proposition 231 the endomorphism (3^ coincides with each gr^(Vr) 
on the latter's domain, so ^^(Z'+J) = gr'-(™-i)'-(V^) o • • • o gr*(Vr)(P'+^') = 0. 
Therefore, (P, r, (3) is not fundamental. □ 

The following corollary describes the relationship between a fundamental stratum 
contained in (V, V) and its slope. 

Proposition 4.9. //(y,V) contains the fundamental stratum {P,r, (3), then s\ope{V) = 
r/ep. 

Proof. When {V, V) is regular singular, r/ep = = slope(V) by Lemma l48l so we 
assume that (V, V) is irregular singular. Let L ^ . Choose an ordered basis e for 
L that is compatible with .if. We use the notation from the proof of Lemma [2.61 
e = |Jj=o^^^j with Wj = span(ej) C V naturally isomorphic to U For 
w £ Wj, (Vr)*(w) e (3l{w) + by repeated application of Proposition |L3l 

Since (P,r,/3) is fundamental, ^ fp-"+i_ Therefore, /3j,(ej) ^ for 
some e^. It follows that V^e^ ^ 1'"+^+^, and thus V^e ^ L'^+^p . 

Let [^] (resp. [^J) be the integer ceiling (resp. floor) of j^. Then, V^e C 
C r^^lp". However, V^e ^ r^^J+^P", since ^Li^J+^pO ^ j^-ri+ep ^ ^Ve 
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conclude that v{'V].e) is equal to either — [^J or — \^~\ ■ In particular, w(V^e) + < 



ep 



1, which proves the proposition. □ 

We are now ready to state our main theorem on the relationship between slopes 
of connections and fundamental strata. In the context of the representation theory 
of local fields, the analogous theorem is due to Bushnell [71 Theorem 2]. 

Theorem 4.10. Any stratum [P, r, j3) contained in (V, V) has slope greater or equal 
to slope(V). Moreover, the set of strata contained in V with slope equal to slope(V) 
is nonempty and consists precisely of the fundamental strata contained in V . In 
particular, every connection contains a fundamental stratum. 

Proof. The regular singular case is dealt with in Lemma l4!8l so assume that (V, V) 
is irregular singular. By Proposition 14.91 any fundamental stratum contained in V 
has slope equal to slope(V). Now, let (Po,?'o,/3o) be any stratum contained in V. 
Assume that this stratum is not fundamental. We show that the stratum has a 
reduction (Pi,ri,/3i) with strictly smaller slope which is also contained in V. 

By Theorem 12.161 there is a reduction of [P^.r^^Po) to (Pi,ri,/3J) such that 
'"i/epi < ro/epg. Let = (Lq) and = {L\) be the lattice chains corresponding 
to Pq and Pi respectively. By definition, there is a lattice L G fl ; reindexing 
the lattice chains if necessary, we can assume without loss of generality that L ~ 

tO _ tO 

^0 — ^1- 

Choose a basis {ei, . . . , e„} for L, and write V,-(w) = [V7-](v) + t{v). In partic- 
ular, ii V G L, then t{v) £ tL, since r^fcj) = tf'ej £ tL for / G o. Thus, for any 
V € Uq, < i < ep„ (resp. w e L{, < £ < ep,), Vr{v) - [V^](u) G Lo""" (resp. 
Vt-(w) — [Vr](w) £ ^1^^ )■ Therefore, [V,-] is a representative for both grg(Vi-) and 
gr5(VT). By Proposition |4?3l we conclude that [Vr] is a representative for (3o. 

By definition of a reduction, [V^] G ^i""^ ■ If we let /3i G CP^)^ be the 
corresponding functional, it is immediate that (Pi,ri,/?i) is also a reduction of 
{Po,ro,l3o) with strictly smaller slope. 

Finally, consider the collection of all strata contained in V; this set is nonempty 
by Lemma 14.51 Since ep < n (where n — dimT^, these slopes are all contained 
in ;^Z. Thus, the set of these slopes has a minimum value s > 0. (This value is 
positive by Lemma 14.81 ) The argument given above shows that any stratum with 
slope s is fundamental, so V contains a fundamental stratum and s = slope(V). 

□ 

4.2. Splittings. Recall that the connection (V, V) is split by the direct sum de- 
composition 1/ = Vi © V2 if Vt(V^i) C Vi and Vt(V2) C V2. In this section, we will 
show that any time a connection (V, V) contains a fundamental stratum (P, r, /?) 
that splits, then there is an associated splitting of the connection itself. We note 
that, in the language of flat GL„-bundles, this corresponds to a reduction of struc- 
ture of (V, V) to a Levi subgroup. 

Lemma 4.11. Suppose that (V, V) contains a fundamental stratum (P, 0, /3) that 
is split by (Vi, V2). Then, there exists q € P^ and a fundamental stratum (P', 0, /?') 
contained in V such that ep> = 1, P'^ C P^ , and (qVi,qV2) splits both strata 

Proof. Let ^ be the lattice chain stabilized by P, and, without loss of generality 
assume that (3 is determined by gr''(V7-). Choose a trivialization for L°, and let 
[Vr] G *P be the corresponding P-endomorphism. Now let — (L- = fL'^) 
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with corresponding stabilizer P' = GL(L"). It is obvious that P'^ C P^ . Setting 
/?' S {^'Y equal to the functional induced by [Vr], we see that (P',0,/3') is a 
stratum contained in (V, V) with ep' = 1. It will be convenient to denote [Vr] by 
or depending on whether it is being viewed as a representative of /3 or (3' . 
With this convention, it follows from Lemma [Z!6l that there is a parabolic subalgebra 
q C Q^{LP) with Levi subalgebra f) such that /3[, G q and is the projection of P'^ 
onto \). 

Since (P, 0,/3) is fundamental, there exists Q < j < ep such that £ End(L-') 
is non-nilpotent. It follows that (P',0,/3') is fundamental. The splitting V — 
Vi ® V2 for /3 does not necessarily split (3' at level 0: using the notation of Sec- 
tion 12.51 it is possible that ei/3^e2 G has non-trivial image in Identify 
with ei<P^_e2/ei*p-'+i_e2 and with e2*P-''ei/e2*P^+^ei. By Definition [222] and 
Lemma r2.22l dfi'^ (resp. i9^, ) is an automorphism of each iVP (resp. M-' ). In particu- 
lar, there exists Xi e €1*^^62 and Yi e e2*P^ei such that ad(Xi)(/3^) e -ei/?^e2+*P^ 
and ad(Yi)(;3;,) e -ea/S^^ei-l-^P^. it follows that Ad(l-hYi) Ad(l-t-Xi)(/3^)ej e 
for i ^ j. Continuing this process, we construct p = (l-|-yep-i)(l + ^ep-i) • . . (1 -I- 
Yi){l + Xi) e Pi such that eiAd{p){Pl)ej S for i ^ j. Since C this 
implies that (^1,^2) splits Ad{p){Pl) at level 0, so {p^^Vi,p^^V2) splits PI at level 
0. Clearly, {p~^V2,p~'^V2) still splits (P, 0, g = p^^ will be the desired element 
of Pi. 

Without loss of generality, we may assume that Vi and V2 split and at 
level 0. Since PI projects to /3j, S f), it is clear that these matrices have the same 
eigenvalues (as do pji, and P'j^ for j = 1,2), so (P',0,/3') satisfies conditions (1) 
and (3) of Definition 12.221 By assumption (Pi,0,/3i) and (P12, 0,9,3) are strongly 
uniform. Since {Vi n JStf') is a sub-lattice chain of it is clear that (P{,0,/3J) is 
strongly uniform. It remains to show that the induced map d^i is an automorphism 

ofEnd(M')- 

Let F' be the image of AP n (M')° in M' . It is easy to see that (M')° C M^^^^ 
and C (Af')\ implying that F^^ = {0} and M° = i;--ep+i^ Moreover, 

9/3^ preserves the flag {P*}, so F^/F^'^^ is a 9/3/^ -invariant subspace of M'. Since 
(P12, 0,9/3) is strongly uniform, dp' G Aut(M*) for all i, hence the restrictions to 
pt jpi+i g^pg g^igQ automorphisms. It follows that dpi gives an automorphism of M' . 

□ 

Theorem 4.12. Suppose that (V, V) contains a fundamental stratum {P,r,P). Let 
(Vi,V2) split {P,r,P). Then, there exists p G P^ such that {pVi,pV2) splits both 
{P,r,P) and V. 

The case when ep = 1 is well known (see [19l Lemma 2]). 

Proof. We first recall from Remark 12.231 that (pVi,pV2) splits {P,r,P) for any p G 
Pi. 

Let y = P", and let 1/' — V{®V2 be the standard splitting of P" into subspaces 
with dim V^' = dim . Let e'j G 0[„(P) be the corresponding idempotents. Bv (|4.ip . 
{Wi, W2) splits V with dim — dim if and only if there exists a trivialization 
Tp -.V ~^V' such that 

(4.4) e;[Vr]^e^ = e^[Vr]^e'i=0, 

and Wj = V'"^(V,')- 



MODULI SPACES OF IRREGULAR SINGULAR CONNECTIONS 



31 



Since V contains {P,r,(3), there exist j such that gr-' (Vr) = reindexing the 
lattice chain if necessary, we can assume that j ~ 0. Fix a trivialization (j) such 
that </>(L0) = 0" and (j){Vj) = F/. We set = C QljF) and similarly for 

P'"\ Setting PI = "^Z?^, we have [V^]^ ee (mod By dH]), it suffices 

to find h e P'^ such that h ■ [Vr],/) satisfies (|4.4p : then {pVi,pV2) splits V, where 
p = ,/,-i/i-i0Gpi. 

Inductively, we construct /i„i G P'^ such that hm = /Jm-i (mod and 
e-(/im • [Vr]0)ej = (mod fp'-'-+™+i) for i / j. The limit = lim/i,„ e wih 
then satisfy (|4.4p . For w = 0, we can take /iq = /, since (Vi,V2) splits (P, r, /3). 
Now, suppose m > 1 and we have already constructed hm-i- Let Q = ft-m-i • [Vr]0 
and Qij = e[Qe'j, so that Qi2,Q2i e P'-'-+™. We wiU find g = I + e[Xe'^ + t'^Ye[ G 
P'™ with X e and Y e satisfying 

(4.5) (g.Q)i2^(5-Q)2i=0 (mod q3'-'^+"+i). 

The element hm = ghm-i G P^ will then have the desired properties. 

Given g as above, the gauge change formula g-Q = gQg~^ — T{g)g~^ immediately 
leads to the equation 

I X\ /Qii Qi2\ fO X\ /(g.Q)ii ig-Q)i2\fl X 
Y lJ\Q2i Q22) \y 0) y{g-Q)2i {g-Q)22j\Y I 

Since XQ21 and YQu he in *p'-'~+2™ c the congruences are 

equivalent to the system of congruences 

Qii - i9-Q)ii=0 

-tY + YQn ~ {g ■ Q)22Y + Q21 = 0, 

where the first two automatically hold for any g of the given form. Suppose that 
r > 1. In this case, tX and tY are in C r + to + 1, so these terms drop 
out of the congruences. Substituting using the first two congruences, the problem 
is reduced to finding X and Y such that 

QnX - XQ22 = Q12 (mod ^p'-^+'^+i) 

Q22Y - YQn = Q21 (mod ^'-+"^+^). 

However, since Q = PI (mod *P'~''+^), the first equation is equivalent to df;'{X) = 
Q12 (mod *P'^''+'"+^), and a solution X exists since (Pi2,r, 9;3) is strongly uni- 
form. Similarly, Lemma [2.241 guarantees the existence of a solution Y to the second 
equation. 

When r = 0, Lemma [4.111 shows that there exists q E such that {qVi,qV2) 
splits a fundamental stratum (P,0,/3) with P^ C P^ and ep = 1. We are thus in 
the classical case of lattice chains with period 1, and there exists q' G P^ such that 
{q' qVi , q' qV2) splits V by [19l Lemma 2]. The desired element of P^ is thus given 
by P = q'q. □ 

4.3. Formal Types. Suppose that (V, V) is a formal connection which contains a 
regular stratum. We fix a trivialization <j) : V P". In this section, we will show 
that the matrix of (V, V) in this trivialization can be diagonalized by a gauge trans- 
formation into a uniform torus i C g[„(P). The diagonalization of [Vt] determines 
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a functional A € (t*^)^ called a formal type, and any two connections on V with the 
same formal type are isomorphic. 

In the following, let {P, r, f3) be a regular stratum in GL„(i^) with P C GL„(o), 
and let T C GL„(F) centralize {P^r.fi). We denote (j)-^P(j) C GL(y) by P"^, and 
write P'i' for the puUback of /3 to {^'^'y . Suppose that (F, V) contains (P-^, r, ^'*), 
and that /J"^ is determined by gr"(Vr). (By Lemma [4.31 the second condition is 
superfluous when r > 0.) The goal of this section is the following theorem: 

Theorem 4.13. Fix v of order —1. There exists p ^ P^ and a regular element 
Ai, G t^*" such that p ■ [Vr]^ = Ai, and A^ is a representative for 13. Furthermore, 
the orbit of A^ under P^ -gauge transformations contains A^ , and A^, is unique 
modulo . 

The obvious analogue of this theorem holds for an arbitrary v. 

Remark 4.14. The above theorem implies that after passing to a ramified cover 
(specifically, the splitting field for T), any connection containing a regular stratum 
is formally gauge equivalent to a direct sum of line bundles of slope less than or 
equal to r (with equality in all but at most one factor, with inequality only possible 
when e = 1). Moreover, the associated rank one connections have pairwise distinct 
leading terms. These properties could be used as an ad hoc way of defining the class 
of connections which are the primary topic of this paper. However, the perspective 
gained from our intrinsic approach via regular strata will prove essential below. 
The Lie-theoretic nature of this approach also suggests that it can be adapted to 
study flat G-bundles for G a reductive group. 

We also remark that A^, satisfies a stronger condition than regular semisimplicity. 
Suppose that A^, — (oi, . . . , a„/j;) € i?"/"^, where d = ep. Then, aj ~ a^^^^^^ + 
flj^-r+iw^'^'''"'^ + . . . , with flj ^ except possibly for a single f when d = 1. The 
leading term = (aj^'ccj^'^^, . . . a~J^n7^''^^) is a representative for fiy, since the 
higher order terms lie in By Proposition 13. 11) A!^^ is regular semisimple, 

and we see that Ay has regular leading term. 

In the following definition, let T C GL„(P) be a uniform maximal torus such 
that T(o) C GL„(o). We set P — Pt.o" as defined before Proposition 13. 121 We also 
allow V to have arbitrary order. 

Definition 4.15. A functional A e (t°)^ is called a T-formal type of depth r if 

(1) is the smallest congruence ideal contained in A-^; and 

(2) the stratum (P, r, (3) is regular and centralized by T, where /3 G (*P'')^ is 
the functional induced by tt^ (A) € . 

We denote the space of T-formal types of depth r by A{T,r) C (t°/t''+^)^. A 
T-formal type is any element of A{T) = Ur>o A{T, r). 

We will always use the notation A^ for a representative of A in t-'"-{i+oid(i>))ep 
Remark 4.16. There is an embedding of ^(T, r) into i-r-{i+oi-d(^))ep /^i-(i+ord(,.))ep 
determined by the pairing For simplicity, we only describe it when v = 

First, recall that t has a natural grading so that t~'^/i^ = ©°^_^t'. If r > 0, then 
A{T, r) is isomorphic to the open subspace of t^''/t^ with degree — r term regular. 
If r = 0, then t is split and t°/t^ ^ A;". In this case, A{T,r) corresponds to 
^O'iXi £ t'' with the a^'s distinct modulo Z. This is not a Zariski-open subset of 
i''. However, if A: = C, it is open in the complex topology. 
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To be even more explicit, assume that t is the block-diagonal Cartan subalgebra 
of as in Remark 13.131 If t is split (and r > 0), there is a bijection between 

formal types A and representatives of the form = J2l=o with Di e 0[„(fc) 

diagonal and Dr regular. In the pure case, there is a similar bijection between formal 
types and representatives A^, — q(wj^) where q G k[X] has degree r. Throughout 
Section [5l we will assume that t has such a block diagonal embedding into g[„(F). 

Remark 4.17. An element of A{T, r) may also be viewed as a functional on 

(resp. fll„(o)^) for which the corresponding stratum {P,r,f3) is regular and all of 

whose representatives lie in t-'~-(i+™d(,.))ep ^ fpi-(i+ord(,.))ep _ 

The notion of a T-formal type actually depends only on the conjugacy class of 
T. Indeed, set L = o" C F". If T and S are conjugate tori with T{o),S{o) C 
GL„(o), then Lemma 14.181 below states that there exists h G GL(i) such that 
''T = S. It is evident that = % ^ and ''V = for all j. Applying 

Remark I3.3[ we conclude that Ad{h){A^) G determines a regular stratum 
{Ps,L,'r', f3') centralized by S. 

We say that a lattice L C V is compatible with T if r(o) C GL{L). 

Lemma 4.18. Suppose that T is a uniform maximal torus. 

(1) The set of lattices L that are com,patible with T is a single N{T)-orbit. 

(2) If S is conjugate to T in GLi{V), and L is compatible with both S and T, 
then S is conjugate to T in GL(L). 

Proof. Suppose that L and V are compatible with T, and let g G GL(F) satisfy 
gL — L' . In particular, this implies that S = g~^Tg is compatible with L. Choose 
X G t^*" with regular leading term. By Proposition I3.12[ there exist parahoric 
subgroups Pt,l,Psx C GL(L) such that x and Ad{g^^){x) determine regular strata 
(PT,r,^) and {Ps,r,P'). By Theorem |3ll ep^ = ep^. 

The same theorem states that (Pt, /3) and {Ps^ r, f3') induce splittings of L, and 
it is easily checked that there exists an element of /i G GL(L) taking the components 
of the T-splitting to the S'-splitting. Replacing g with gh, we may assume that the 
splittings induced by S and T are the same. Thus, we may reduce to the pure case. 

Suppose that (Pt, r, /?) and (Pg, r, (3') are pure. We may choose h' G GL(L) such 
that h' P'j'{h')~^ = Pg, so by a similar argument, we may assume Pt = Ps = P. 
By (HH), there exists p G P such that Ad{p){Ad{g-^){x)) G 1 + ^'"^+^. Finally, 
Lemma [3.181 implies that there exists p' G P^ such that Ad{p'pg^^){x)) G t. It 
follows that p'pg^^ = n^^ G N{T). It is now clear that uL = L', since p' and p are 
in GL(L). 

We now prove the second statement. Suppose that S — gTg^^ for g G GL„(P). 
Then, L and gL are compatible with S. By the first part, gL = nL for some 
n G N{S). It follows that there exists h = n'^g G GL(i) such that S = HTh-^. □ 

We continue to fix T C GL„ (P) as in Definition 14.151 

Definition 4.19. The set A^^'^^ C A(T) of T-formal types associated to (V", V) 
consists of those A for which there is a trivialization (/) : V ^ P" such that (V, V) 
contains the stratum (P'^,r, /S*^) and the matrix [Vr]^ is formally gauge equivalent 
to an element of A^ + fpi-(i+oi-d(,.))ej, element of P\ 

By Theorem 14.131 the last statement is equivalent to the condition [Vr]^ is 
formally gauge equivalent to A^. 
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Proposition 4.20. Let V be a connection containing a T-formal type At- If S 
is a maximal torus with S{o) C GL„(o), then V has an S-formal type if and only 
if S is GLn{F)- conjugate to T. Moreover, if h ^ GL„(o) conjugates T to S, then 
Ad*(/i~^) gives a bijection from A^jf''^'^ to A^^''^^ . 

Proof. Set L = o". By Lemma 14.181 there exists h £ GL„(o) such that S — 
hTh~^. We may choose a triviahzation </> : F -> F" such that [Vi-]^ — A^ e thy 



Theorem 14. 131 We now observe that, by Lemma 1441 

h-[VrU G Ad{h){A^)+tQl„{o) cs + tgl„{o). 

After duahzing, A^, and Ad(/i)(A^) determine functionals At and As (respectively) 
in g[„(o)^ and Ad*{h^^){AT) = As- Moreover, As is an S formal type correspond- 
ing to (y, V): it is clear that any representative for As lies in 5 = Ad(/i)(T) +^5, 
since tg[„(o) C ^Pg, and (1^, V) contains the regular stratum (F^'^, r, /?'). Here, /?' 
is the functional on ^s/'^s'^^ determined by A5. □ 

Before proving Theorem 14. 131 we give two corollaries. 

Corollary 4.21. Suppose that A^ € t is a representative of a T-formal type. If 
g G GL„(F) satisfies g ■ A^, — A^, then g (£ . 

Proof. We assume without loss of generality that v — so r = t-^. Since g 
is invertible, it will sufhce to show that 5 G Choose a regular stratum {P,r,l3) 
corresponding to A, and consider the exhaustive filtration t'' of g[„ {F) . Suppose 
that g ^ , and let £ be the largest integer such that g £ +^^. By assumption, 
[g,A,]=T{g)eVp'. 

First, assume that r > 0. Note that £ ^ 0, since g & ^ implies that 5 £ + 
by Proposition 13.51 Suppose £ < 0. CoroUarv 13.71 gives g — s + h with s G and 



h e Since TTi{[g,A^]) e t^+i by Proposition |2.11(3)[ we also get 7rt(T(s)) e 

t^+^. Lemma 14.261 now gives s G a contradiction. Hence, £ > 1, and we 

have g = So + X with sq & t^ and x G Since [a;. At,] = t{x) G we get the 
contradiction x G by the same argument as in the £ < case. 

When r = 0, we may assume A^, is a regular diagonal matrix in g[„(fc) satisfying 
the last condition of Definition 13.21 In other words, — ad{A^) has no non-zero 
integer eigenvectors in 0l„(fc). Write g — t^gt + t^'^^ge+i + . . . with gj G fll„(fc). 
Then, [5,^1,] = T{g) implies that — ad{A^){gj) — jgj. We deduce that gj ~ 
except when j — 0. Moreover, since is regular, [go, Ai,] = implies that go G t''. 
Thus, g G t^ 

□ 

Corollary 4.22. Let A be a formal type. Any two connections with formal type 
A are formally isomorphic. Furthermore, the set of formal types associated to a 
connection is independent of choice of v G 



Proof. Independence of v follows by the argument given in Proposition |421 and the 
remark above. Thus, fix v with order —1. Suppose (V, V) and {V , V) have formal 
type A, and let (p (resp. (j)') be the given triviahzation for V (resp. V'). By Theorem 
14.131 there exists A^ G t^"" and p,p' G P^ such that p ■ [Vt-]^ = = p' • [V^]^'. It 
is easily checked that the composition ('/'')~^ ° (p')^^ o p o (f) : V ^ V takes V to 

v. 

□ 
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We begin the proof of Theorem 14.131 Throughout, we wih suppress the fixed 
triviahzation (/) from the notation. We may assume that v = so t = t^. First, 
we show that if the resuh holds for the trivialization (f> and the regular stratum 
{P,r,/3) centralized by T, then, for any g G GL„(o), it holds for the trivialization 
g(j), the regular stratum (^P, r, 3/3), and its centralizing torus ^T. 

Suppose that g e GL„(o). By Lemma [4.41 T{g)g~^ G tg[„(o). In particular, 
T{g)g~^ e Therefore, if the theorem holds for {P,r,f3), then there exists 

p e such that [V^] = + kd{g-^){T{g)g-^). It follows that ^p-{g- [V^]) = 
g ■ {p ■ [Vt-]) — Ad{g){A^). Thus, the first part of the theorem still holds after 
changing the trivialization by g. The second and third parts follows from a similar 
argument. 

Without loss of generality, we henceforth assume that t embeds into the d x d 
diagonal blocks of g[„(F) and in each diagonal block the matrix tu/ from (|2.2p is a 
uniformizer for the corresponding copy of E. 

By Theorem 13. 8[ this splitting of V splits {P, r, (3) into pure strata, plus at 
most one non- fundamental stratum in the case ep = 1. Therefore, Theorem 14.121 
shows that V splits into a direct sum of connections containing a pure stratum when 
ep > 1 and into a direct sum of connections in dimension 1 when ep = 1. Moreover, 
the splitting for V maps to the splitting determined by T by an automorphism 
p ^ P^. In other words, p ■ [Vr] hes in 0"Z'^ sK^ )- 

First, we consider the case ep = 1 (which includes the case r = 0). By the above 
discussion, we may reduce to the case where diml^ — 1. In this case, [Vt] 6 F 
and g ■ [Vt] G [Vt] + for all g e 1 + p^. This proves the first statement and 
the statement about uniqueness. It suffices to show that the orbit of [Vt] under 
gauge transformations contains [Vt] +p^- Suppose X £ p^. Since t : ^ and 
log : (1 + p^) p^ are surjective, there exists g E 1 + p^ such that T(log(g)) = X. 
Therefore, g ■ ([Vt] + X) = [Vt], and the assertion follows. 

When ep > 1, it suffices to prove the theorem in the case when {P, r, j3) is pure. 
In particular, P = / is an Iwahori subgroup and T ^ . Take (3^ — [Vt]. By 
Remarkim G tn 3-'' + 3^'''. 

The following two lemmas prove Theorem 14. 131 in the pure case with ep > 1 and 
thus complete the proof of the theorem. 

Lemma 4.23. Let be defined as in Section\KM When £ > I, t{3'^) C 3^ and 
iP(^{t{zUj)) ^ 0. Furthermore, 

[t(1 + am'j)] (1 + am'j)-^ = aT{vj\) (mod 3^+^) 

for any a G k. 

Proof. Suppose that £ = qn + z, for < z < n. The matrix coefficients of ujj are 

{^q+i [ij = i + z-n; 
fi iij=t + z; 
ii j ^ i + z (mod n). 

Let X be the diagonal matrix with Xjj — q when j < n — z and q + I otherwise. 
Then, T{ruj) = xruj. Moreover, t{3) C T(gI„(o)) C t0(„(o) C 3. The Leibniz rule 
and the fact that 3^ — w\3 now imply that t{3^) C 3^ for all £ > 1. The first 
assertion of the lemma follows, since ilii{T{w\)) is the trace of x, which is non-zero 
for £^Q. 
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To see the second statement, observe that (1 + awj) ^ = 1 — awj + y, with 
y e 3*^+^. Therefore, 

[r(l + auj'j)] (1 + auj'j)-^ = [r(l + aw^j)] (1 - avj\ + y) 

= ar(ti7j)(l - aw\ + y) 

= aT(vo\) (mod 3^+1). 

□ 

Lemma 4.24. Suppose that (V, V) contains the pure stratum (I,r,/3) with n >2 
(so r > 1). Then, there is a unique q{x) S k[x] such that [Vr] is formally gauge 
equivalent to q['DjJ^) by an element of . If Bn G q{-UDj^)-\-3^ , then Bn is formally 
gauge equivalent to [Vr] by an element of . 

Proof. By the remarks made before Lemma I4.23i [Vr] = = qr'^J^ + y with 
y € 3~^~^^. Moreover, since /S^, ^ 3"''+^, qr ^ 0. We need to find p £ with the 
property 

(4.6) p-P,^q{wj'), 

for q £ k[x] as in the statement of the lemma. 

Inductively, we construct g£ G and q^ G k[x] of degree r such that g£ = gt-\ 
(mod 3*^-1), deg(g'^ - q'^-'^) < r - ^ + 1, and • G q^{wj^) + Moreover, 
we will show that q'^{vjY^) is unique modulo i^^^ . Note that q^ is independent of i 
for ^ > r + 1. If we set p = lim and q = q^ for large £, (|4.6p is satisfied. 

We start by taking gi = 1 and qi = qrX^ . Suppose that we have constructed gi 
and q^\ note that q^ = qr- We will find g = 1 + X E such that gi+i = gge G 
has the required properties. Obviously, ge+i = gg (mod 3^). 

To construct g, first, note that T{g)g^^ = T{X)g~^ G CJ^ by Lemma [4.231 More- 
over, g^^ = 1 — X (mod 3^+^). If £ — r < 0, it suffices to find g G such that 

kd{g){g,-p,)£i + 3-^+'+\ 

We see that 

Ad(5)(g, • A.) = (1 + ^)(5£ • - ^) (mod a^-'^+i) 

= gfl3^ + qrSxiT^r) (mod 3^"''+i). 

Thus, we need to solve the equation 

ge-l3. + qrSxivjJ'l = Y (mod 3'--+'). 

for y G t. Since g,- ^ 0, Proposition 2.11(3) implies that a solution for X exists 
if and only if F G Trt{ge ■ Pn) + 3^^"^^. Letting q^^'^^ujj^) denote the terms of 
nonpositive degree in ■ni{gi ■ /3^) (where g^+^ G k[x\), we see that deg(g^"'"-^ — q') < 
r — I. Moreover, q^~^^ is uniquely determined. 

Now, suppose £ — r > 0. The first part of Lemma l4. 231 implies that 7rt(T(n7^^'')) ^ 
g^-r+i^ The argument above implies that we may choose s G with the property 

Ad(s)(5f • /?.) = q\wj^) + auMvo'D (mod 3'-^+^). 

for some a £ k. Again, Proposition 12.111 implies that there exists h £ such that 

Adih){q^{zuy^) + ar(tu^-'')) = q^{vuj^) + aTT^T{vo'r) (mod 3^-'^+^). 

Thus, by the second part of Lemma [4.231 

Ad{h-h){gi ■ /?,) = q\wY^) + [t(1 + aw'f'-)] (1 + avo'f'-)-^ (mod 3^-'^+i). 
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Since 1 + azuj ^ commutes with q^{'cuj ^) and t(/i ^s)s & C 3^ it 
follows that 

(1 + am<j) ■ [{h-\s) ■ {g, ■ = q\vj^^) (mod -/~-+^). 

Setting gi+i = (1 + aw\)h~^ s and — completes the induction. 

The same inductive argument (beginning with £ = r + 1) shows that for any 
Bv £ q{wj^) + 3^, there exists h & such that h ■ = q{wj^). This completes 
the proof of the second statement of the lemma. 

□ 



4.4. Formal Types and Formal Isomorphism Classes. In this section, we 
describe the relationship between formal types and isomorphism classes of formal 
connections. In particular, we show that formal types are the isomorphism classes 
in the category of framed formal connections. This category is the disjoint union of 
the categories of T -framed formal connections as T runs over conjugacy classes of 
uniform maximal tori. Moreover, there is an action of the relative afhne Weyl group 
of T on the set of T-formal types, and the forgetful functor to the category of formal 
connections sets up a bijection between orbits of T-formal types and isomorphism 
classes of formal connections containing a regular stratum of the form (Pt,^, /?). 
We also exhibit an intermediate category whose isomorphism classes correspond to 
relative Weyl group orbits. 

Given a conjugacy class of uniform maximal tori and a fixed lattice L, we can 
choose a representative T such that T(o) C GL(i). Setting P = Pt,l, we will 
further have T(o) C P C GL(L) and T = (£'X)"/ep with E/F a degree ep ramified 
extension. Upon choosing a basis for L, we can assume without loss of generality 
that T(o) C P C GL„(o) and that T is the standard block diagonal torus described 
in Remark 13.131 Throughout this section, we will fix a form v — ^ and the 
corresponding derivation r — t-^. 

Let Wt = N{T)/T and Wf = N{T)/T{o) be the relative Weyl group and the 
relative affine Weyl group associated to T. Note that Wf^ is a semi-direct product 
of Wt with the free abehan group T/T{o), i.e., W^^ ^ Wt t< T/T{o). Furthermore, 
if we write Sn/ep ^'^^ the group of permutations on the -factors of T and Cep 
for the Galois group of E/F, then Wt — ^n/ep x {Cel'^^). Here, Sn/ep acts on 
Celf'^ by permuting the factors. We note that N{T) n GL„(o) C Pt.o"i since C^p 
and Sn/ep both preserve the filtration determined in Proposition 13.121 

Any element of Wt has a representative in GL„(fc) C GL„(P). Therefore, 
Wt = {N{T) n GL„(fc))/T''. In fact, Wt can be embedded as a subgroup of 
GL„(fc) as follows. The centralizer of in GL„(fe) is a Levi subgroup isomorphic 

to nrir gl^.w- 

Let Di (resp. di) denote the diagonal subgroup (resp. subalgebra) in each 
component. Fix a primitive ep root of unity We view Sn/ep as the subgroup of 
permutation matrices that permute the factors of this Levi subgroup while the i*^ 
copy of Cep maps to the cyclic subgroup of Di generated by diag(l, ^, . . . , C*^^"^). 

We now define an action g of W^^ on A{T, r). Taking w £ GL„(fc) a representa- 
tive for wT £ Wt, s = (si, . . . , s„/ep) £ T, and A e (t"/t'"+^)^, we obtain actions 
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of Wt and T{F)/T{o) on (tVf+i)^ via 

q{wT){A) ^ M* {w){A) 

n/ep 

degi 



g{sT{o)){A)^A^ J2 



ep 



' V 



Here, x( is the functional induced by Xi^' '^here Xi the identity of the i*'' 
component of t. It is easy to see that these two actions give rise to a unique action 
ofWl'^. 

To check that this action restricts to an action on -4(T, r) , consider the action of 
W^^ on t defined by the similar formulas gy{wT){x) = Ad(u')(x) and Qu{s){x) = 
X — ^^^^r^Xi- The induced action on t^''/t^ corresponds to g under the 

isomorphism /i^ = (t^/f"''^)^ determined hy v = and for any w G W^^ , 
Q,y{w){A„) is a representative for p{'w){A). If A G A{T, r), then the leading term of 
A^ is regular, with distinct eigenvalues modulo Z when r = 0. If r > 0, it is clear 
that g^{'w){A^) also has regular leading term. If r = 0, then the action permutes 
and adds integers to the eigenvalues, so again the condition for being a formal type 
is preserved. 

Proposition 4.25. Suppose that g e N{T) and A e A{T,r). If Ai, e t is a 
representative for A, then g ■ A^, is formally gauge equivalent to gi,{gT(o)){A^) by 
an element of . Furthermore, g^{gT{o)){A^) € Tri{g ■ A^) + t"'^. 

Proof. The case when r = is easily checked since T is the usual split torus, so 
we assume that r > 0. First, consider the case g = s E T, so s ■ Ai, ^ A^ — 
{ts)s~^. Recall that the intersection of P with the block-diagonal Levi subgroup 
is a product of Iwahori subgroups li C Ghep(F). Each Pi determines an ordering 
on the roots of Di. We take Hi G di to be the half sum of positive coroots, and 

H = (i/i,...,i/„/eJ eq?. 

Lemma 4.26. Suppose that s G f. If H is defined as above, then 

t{s) + — ad{H){s) - —s G 
ep ep 

Moreover, M^is)) G -^s + ^^+r 

Proof. The first statement follows from the observation T(n7^) = JJ^'^e^'^ ad(i7j)(c[ 
We then obtain the second statement from Proposition 2.11(3) 

□ 

Setting s = (si, . . . , Sn/ep), the lemma gives 



n/ ep 

Ql 

ep " ep 



i=l 

Observe that each term on the right of this expression lies in Applying Propo- 
sitionUm we obtain X G such that ad{X){A^) G 7rt((rs)s-i) - (rs)s-i 
Taking I- X,we see that h ■ {s ■ A^) e 7rt(s • A^) + By Theorem l4l3l it 
follows that s ■ Ai, is gauge equivalent to 7rt(s • A^). 

Since nt is a t-bimodule map, we deduce from Lemma [2.10l that iTt{ad{H){s)s^^) G 
t^. Therefore, Trt{A^ - iTs)s'^) G g^{sT{o)){A^) + Note that if s G r(o). 
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Lemma l44l implies that (ts)s^^ e thus, T(o) does not affect the P^-gauge 
equivalence class. 

For the general case, take g = sn with n G N{T) D GL„(fc) and s G T. The 
result now follows by applying the case above to the formal type g^(nT(o){A^) = 
Ad{n){A^) ^n-Ay^ 7rt(n • A^) e ^(T, r). 

□ 



Lemma 4.27. Suppose that A, A' G A{T,r) with representatives A^^A'^, £ t. If Ai, 
and A'y are GL„ (F) -gauge equivalent modulo , then there exists a unique w G 
such that g{w){A) = A'. 

Proof. Since W^^ acts freely on A{T,r), it suffices to show existence of w. First, 
take r = 0, so t is the space of diagonal matrices. Write Ai,{Q) for the image 
of Ay under the evaluation map t ^ 0. Then, A^ and A'^ are gauge equivalent 
modulo t if and only if there exists / e GL„(C) such that Ad(/) exp{27TiAy{0)) = 
exp(27ri^'j,(0)). (This follows from the Riemann-Hilbert correspondence and [24l 
Theorem 5.5 and Section 17.1]). Therefore, / lies in the normalizer of T, and 
Ad{f){Ay{0)) differs from AJ,(0) by a diagonal matrix with integer entries. In 
particular, A and A' lie in the same W^^ orbit. 

Now, assume r > 0. Suppose that h ■ A'^ ~ Ay + x ioi some x G Fix a 
split torus D with D{o) C P. Using the affinc Bruhat decomposition, we may write 
h — pinp2, where pi,P2 ^ P and n G N{D). We see that 

Ay+x^ kd{h){A'y - P2^Tp2) ~ {tpi)p^^ - Ad(pi)((™)n-i). 

By Lemma 14.41 P2^'''P'2 iTPi)Pi^ both lie in Moreover, there exists 

d e D and a G N{D) n GL„(C) such that n = da, so (Tn)n"^ = {Td)d^'^ G 
0(0) C In particular, Ad{h){A'y -Pa^Vps) e Ay + Ad(pi)((Td)d-i) + By 
Lemma [3.181 there exist qi G P*" and q2 G P'+i such that a,d{q2){Al — p2^Tp2) 
and ad((7f + x + (Tpi)pj^^ + Ad(pi)((Tn)n^-^)) lie in i. Since A'y — p2^Tp2 is 
regular by Proposition 13. 11) it follows that h G qiN{T)q2. 

Set g = qi^hq^^ and w = gT{o). We will show that g{w){A) = A'. The 
element A^ = 7rt(g2 ■ Ay) G i is a valid representative for A, since 7ri{Ad{q2) (Ay)) G 
Ay + and {dq2)q2^ G Moreover, the fact that ttj is a iV(r)-map implies 
that TTt{{gq2) ■ aJ) ^ TTiig ■ Al). 

By Proposition|425l Mg-Al) G ei^(u>)(Ai so 7rt((OT2)-A^) e gy{w){Al)+ii. 
Write gi = 1 + X for a: G so that (gga) • G A'^ - ad(A:)(A^) + It follows 



that TTi{{gq2) ■ Ay) G A'y + by Proposition|2.11(3)[ Thus, w = gT{o) satisfies the 



Lemma. □ 

Theorem 4.28. Suppose (V, V) is a formal connection. If A G A^^'^^ ^^A{T,r) 
and A' G A!^,'"^^ r\A{T' ,r'), then T and T' are Ghn{o) -conjugate and r = r' . 
Moreover, if h G GL„(o) satisfies — T' , then there exists a unique w G W^^ 
such that A' = Ad* {h-^)g{w) (A). 

Proof. Proposition l4. 201 shows that r = r' and allows us to assume without loss of 
generality that T = T'. By definition of formal types, any choice of representatives 
Ay and Ay are formally gauge equivalent modulo The theorem now follows 
from Lemma [4.271 

□ 
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Corollary 4.29. Suppose that A G Arp ' . Let cj) be an associated trivialization, 
let {P'^ ,r, /3'^) be the associated stratum (in GL{V)), and let L — 0^^(o"). Suppose 
A' £ A^''^^ has associated trivialization cf)' , and choose w G W^^ such that A' — 

e(w){A). 

(1) //0'-i(o") = L, then w(^Wt- 

(2) //, in addition, [P't' ,r, (3*) = [P*' ,r, P''''), then w is the identity. 

Proof. By Lemma l4?27l there exists w S W^^ such that q{'w){A) = A'. RecaU 
that Wf ^ T/T{o) K Wt, and Wt = {N{T) n GL„(fc))/r''. Observe that the 
set of triviaUzations of satisfying 0'^^(o") = L is a single GL„(o)-orbit. Moreover, 
p0 = p0' by Proposition EH Since P is its own normalizer in GL„(o), it follows 
that Ai, and A'^ are gauge equivalent by an element p G P in both cases. 

In the second case, the stabilizer of /3 + cp^"'' in P is equal to P^T^ . Without 
loss of generality take p £ P^. Now, the uniqueness statement in Theorem 14.131 
implies that A = A' . 

In the first case, as long as r > 0, we have A'^ G Ad(n)(Ay) + where 
n G N{T) is a representative for w. Since n G mT{o) for some m G N{T) n 
GL„(/c) C P, we also A'^ G kA{m)[A^) +^-''+'^ . We deduce that p G mP^, and 
the same uniqueness argument shows that A'^ = Ad(m){A^) . This implies that A' — 
g{mT{o)){A), and simple transitivity of the W^^-action gives w = g{mT{o)) G Wt- 
If r = 0, then let m G GL„(A:) be the image of p modulo t. Since A'^^ G Ad{p){A,y) + 
t0[„(o), we have A'^, — Ad{m){A^). We conclude that w = g{mT{o)) G Wt as 
before. 

□ 

We can now make precise the relationship between formal types and formal 
isomorphism classes in terms of moduli spaces of certain categories of formal con- 
nections. In the following, we consider three related categories of formal connec- 
tions. We define to be the full subcategory of formal connections (V, V) of 
rank n such that (V, V) contains a regular stratum. Let be the category of 
triples (y, V,L), where F G ^ and L C ^ is a distinguished o-lattice such such 
that P C GL(L) for some regular stratum (P, r, /?) contained in V. Morphisms in 
Hom^iat((y, V, L), {V, V, L')) in consist of homomorphisms (j) : V ^ V {in 
the category such that L' n <j>{V) = (t>{L). Note that if (f) is an isomorphism, 
this implies that 4){L) = L'. Finally, '^^^ is the category of framed connections. 
This consists of objects in where Hom^/.((y, V, L), {V, V, L')) is the set of 
isomorphisms G Hom-j^^iat ((V, V, L), (V', V',L')) such that (P'), r, (/?')) = 
(P,r,/3). 

Fix a uniform torus T C GL„(P) satisfying T{o) C GL„(o) and an integer r > 0. 
We denote the full subcategory of (resp. 'g''"*, '^^'') of connections that have 
formal type in A{T,r) by ^(T,r) (resp. 't^'-°-\T,r), '^^'■(r,r)). Proposition [120] 
implies that the subcategory ^(T, r) only depends on the conjugacy class of T in 
GL„(P). It follows from Theorem 14.281 that the set of objects in ^ is the disjoint 
union of objects in '^{Ti,r), taken over a set of representatives Ti as above for the 
conjugacy classes of uniform tori. The analogous statement holds for and 'i^^^. 

Corollary 4.30. Fix a uniform torus T C GL„(P) with T{o) C GL„(o) and 
r G Z-°. Then, A{T,r) is the moduli space for 'rff^{T,r), A{T,r)/WT is the 
moduli space for 'rf^''\T,r), and A{T,r)/W^^ is the moduli space for the category 
nT,r). 
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5. Moduli Spaces 

In this section, we will describe the moduli space ^(A^, . . . , A™) of 'framed' 
connections on C = P^(C) with singular points {xi, . . . , x,n} and formal type A* at 
Xi . In our explicit construction, we show that this moduli space is the Hamiltonian 
reduction of a symplectic manifold via a torus action. 

Set k = C. We denote hy Fx ^ F the field of Laurent series at x e C and Ox C Fx 
the ring of power series. Let be a trivializable rank n vector bundle on P^; thus, 
there is a noncanonical identification of V with the trivial rank n vector bundle 
ytriv ^ Opi. The space of global trivializations of is a GL„(C)-torsor, so we will 
fix a base point and identify each trivialization (f> with an element g e GL„(C). 
Thus, we will write [V] for the matrix of V in the fixed trivialization, and g ■ [V] 
for [V]0. 

Define Vx ®Oc Fx and Lx = V ®Oc °x- The inclusion Vc = V{f^]V) C Vx 
gives Vx a natural C-structure. Furthermore, Lx determines a unique maximal para- 
horic Gx = G^'{Lx) = GL„(o). In particular, by the remarks preceding Lemma [2761 
there is a one-to-one correspondence between parahoric subgroups P C Gx and par- 
abolic subgroups Q C GL(Vc)7 where Q = P/G],. 

Let Tx be a uniform torus in GL„(_F|j;) such that Tx{Ox) C GL„(o2;), and set 
Px = Pt^,o"- In the following, (V, V) is a connection on C, and Ax G A{Tx,r) is 
a formal type associated to (V, V) at x. This means that the formal completion 
(K;, Va;) at X has formal type Ax- We denote the corresponding GL„ (i^^. )-stratum 
by {Px,''", (3x)- We may assume, by Proposition 14.201 that Tx has a block-diagonal 
embedding in GLn{Fx) as in Remark 14.161 We write Ux = Px/G].. Furthermore, if 
g G GL„(C), P| C GL{V) and /3f are the puUbacks of P and P, respectively, under 
the corresponding trivialization (as in Section 14. 3p . 

Definition 5.1. A compatible framing for V at a; is an element g G GL„(C) with 
the property that V contains the GL(T4)-stratum {P^,r,/3^) defined above. We 
say that V is framable at x if there exists such a g. 

For example, suppose that epg ~ 1. Choose ly G JIq of order —1. By Re- 
mark HTTBl Aq^, = j^Dr + -p^Dr-i + ■ ■ ■ where Dj G GL„(C) are diagonal matrices 
and Dr is regular. It follows that <? is a compatible framing for (V, V) at if and 
only if 

<? • [V] = ^Driy + -^Mr-lU + . . . , 

with Mj G 0l„(C). 

Now, let A = (^1, . . . , Am) be a collection of formal types Ai at points xi G P^. 

Definition 5.2. The category '^*(A) of framable connections with formal types 
A is the category whose objects are connections (V, V), where 

• is a trivializable rank n vector bundle on P^ ; 

• V is a meromorphic connection on V with singular points {xi}] 

• V is framable and has formal type A^ at Xi] 

and whose morphisms are vector bundle maps compatible with the connections. 
The moduli space of this category is denoted by ./#*(A). 

By Corollary 14. 221 any two objects in '^*(A) correspond to connections that are 
formally isomorphic at each Xi. Note that '^*(A) is not a full subcategory of the 
category of meromorphic connections. However, the next proposition show that the 
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moduli space of this full subcategory coincides with ^*(A), so this moduli space 
may be viewed as a well-behaved subspace of the moduli stack of meromorphic 
connections. 

Proposition 5.3. Suppose that (V, V) and {V' ^ V') are framable connections in 
(A) . // they are isomorphic as meromorphic connections, then they are isomor- 
phic as framable connections. 

Proof. Choose trivializations for V and V . Then, (V, V) and {V',\/') are isomor- 
phic as meromorphic connections if and only if there exists a meromorphic section 
g of the trivial GL„(C)-bundle such that g ■ [V] = [V]. Moreover, g is necessarily 
regular at all points of P^\{a;i, . . . ,x„i}. It suffices to show that g is regular at 
each of the the singular points of V. Thus, we may reduce to the following local 
problem: if V and V are formal framed connections, g ■ [V] = [V], and V and V 
have the same formal type, then g G GL„(o). 

Fix V — By Theorem 14.131 there exist 31,52 G GL„(o) such that gi ■ [Vr] = 
92 ■ [V^] = A^. Therefore, (92991^) ■ = Ay. By Corollary [4. 2 11 this implies that 
9299i^ e It follows that g € GL„(o). 

□ 

We will construct (A) using symplectic reduction, so in general ^* (A) will 
not be a manifold. Following Section 2 of [5], we define an extended moduli space 
.^*(A) that resolves ^*(A). 

Definition 5.4. The category '^*(A) of framed connections with formal types A 
has objects consisting of triples (y, V,g), where 

• (y, V) satisfies the first two conditions of Definition 15. 2| 

• g = {Uxigi, . . . , Ux^gm), where gi is a compatible framing for V at Xi] 

• the formal type {A'Y of V at Xi satisfies = 

A morphism between (y,V,g) and (y',V',g') is a vector bundle isomorphism 
(j) : V ^ V that is compatible with V and V, with the added condition that 
(<?!)-/(P:^f ),r,0*^((/3^j9-)) = (P|^^r,^f'.) for ah i. We let ^(A) denote the cor- 
responding moduli space. 

Remark 5.5. Define W^^ and Wt^. as in Section l44l The groups W — JJ^ Wt^, 

and W*^*^ = Ha; ^t5 ^'^^ componentwise on Jla; -^(-^a^i'^a^i)- We note that a 
global connection {V, V) lies in (A) if [V^i , ) is isomorphic to the diagonalized 
connection {F^,,d-\- A\,v) in It follows from Corollarv l4.30l that the categories 

^S'*{A') and ^*{A) have the same objects if and only if A' = wA for some w e W. 
In particular, ^*(wA) = ^*(A). If we let j denote the injection of these spaces 
into the moduli space of meromorphic connections, then j(^*(wA)) — (A)). 
On the other hand, if A' is not in the W'^'^-orbit of A, then j{.J^*{A')) and 
j{^*{A)) are disjoint. This is because connections in the corresponding categories 
are not even formally isomorphic by Theorem 14.281 

Now, suppose that s — {si, . . . ,Sm) G W^* and s; G Tj;;(F)/Tj;.(o). In this case, 
'^*(sA) ^ '^*(A) unless Si is the identity. However, it is clear that p(si)(yl*)|(i = 
A'lii. We deduce that '^'(wA) = '#*(A), and ^*(wA) ^ ^(A) for all w e 
W"^^. (Indeed, 'if* {A') = '^*(A) if and only if for every Xi there exists Wi £ W|5. 
such that giwi){{A')%i = A'l^i.) 
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Let X be a symplectic variety with a Hamiltonian action of a group G. There is 
a moment map /ic '■ X ~^ . If a g hes in [g, g]-*-, so that the coadjoint orbit of 
a is a singleton, then the symplectic reduction X // aG is defined to be the quotient 
li-\a)/G. 

In Section I5.1[ we will use the formal type Ai at Xi to define extended orbits 
and These are smooth symplectic manifolds with a Hamiltonian action of 
GL„(C). The following theorem generalizes 5, Proposition 2.1]: 

Theorem 5.6. Let ^*{A), ^*{A) be the moduli spaces defined above. 

(1) The moduli space ^*(A) is a symplectic reduction ofYii-^i- 

^*(A) - ([[^^)//o GL„(C). 

i 

(2) Similarly, 

^*{A) - (11^) //o GL„(C). 

i 

Moreover, ^*(A) is a symplectic manifold. 

(3) Let Ti = Tx- . There is a Hamiltonian action ofT^ on ^*{A), and ./#*(A) 
is naturally a symplectic reduction of ./#* (A) by the group Y\i . 

This theorem will be proved in Section [5.21 

Remark 5.7. We also obtain a version of this theorem when additional singularities 
corresponding to regular singular points are allowed (Theorem I5.26p . In the case 
of the Katz-Frenkel-Gross connection [T7l[T3], the moduli space reduces to a point, 
consistent with the rigidity of this connection. Theorem 15.261 also allows one to 
construct many other examples of connections with singleton moduli spaces, which 
are thus plausible candidates for rigidity. 

Remark 5.8. It is not surprising that these moduli spaces are symplectic: it is con- 
ceivable that this fact might be proved independently using the abstract methods of 
pm Section 6]. The advantage of Theorem l5.6l is that it gives explicit constructions 
of (A) and ^* (A) in a number of important, novel cases (including connections 
with 'supercuspidal' type singularities). Moreover, the fact that ^*(A) is smooth 
allows one to generalize the work of Jimbo, Miwa, and Ueno |16] and explicitly 
calculate the isomondromy equations in these cases (see [6] ) . 

5.1. Extended Orbits. In this section, we will construct symplectic manifolds, 
called extended orbits, which will be "local pieces" of the moduli spaces ^*{A) 
and ^*{A). Without loss of generality, we will take our singular point to be a; = 0, 
and we will suppress the subscript x from F^, Px, Ax, etc. 

Our study of extended orbits is motivated by the relationship between coadjoint 
orbits and gauge transformations. In the following, fix G JIq . 

Proposition 5.9. The map q{.^{F) — s> determined by v intertwines the gauge 
action of P on gl„(i^) with the coadjoint action of P on 

Proof. Recall from Lemma [2^ that P = H k P^ ioi H = Q /U a Levi subgroup of 
GL„(C). Thus, we may write any element of P as p = hu, for h H and u £ P^. 
Without loss of generality, we may assume that i/ has order —1. Thus, 

p-X^h- {Ad{u){X) - t{u)u-^) = Ad{p){X) - Ad{h){T{u)u-^). 
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Lemma 1131 shows that Ad{h){T{u)u ^) G = Applymg Proposition [2?5l we 
see that Ad*{p){{X, = {Ad{p){X), = {p-X, □ 

From now on, we assume v has order —1. We suppose that A is a formal type at 
stabihzed by a torus T with T(o) C P and that the corresponding regular stratum 
(P, r, j3) has r > 0. In particular, any connection with formal type A is irregular 
singular. Denote the projection of t^I{A) onto i^^Y by . Let G = GL„(o) be 
the maximal standard parahoric subgroup at with congruence subgroups (resp. 
fractional ideals) (resp. g'). Then, C P C G, and P/G^ ^ Q. For any 
subgroup H C G with Lie algebra f), there is a natural projection tti-, : — > (t))^ 
obtained by restricting functionals to () C g. Denote the P-coadjoint orbit of ttj (A) 
by ^, and the P^-coadjoint orbit of A^ by ff^. 

Definition 5.10. Let A be a formal type at with irregular singularity, and let U 
be the unipotent radical of Q. We define the extended orbits ^{A) and ^{A) by 

• ^{A) C ((3\GL„(C)) X is the subvariety defined by 
(5.1) ^{A) = {{Qg, a) \ TT<^{Ad* {g){a)) e €?)}; 

• ^{A) C (C/\GL„(C)) X gv ig defined by 

^(A) = {([/.9,a) I ^<pi(Ad*(5)(a)) G ^i)}; 

Proposition 5.11. P/ie extended orbits ^{A) and ^{A) are isomorphic to sym- 
plectic reductions ofT*G x ^ and T*G x respectively: 

^{A) ^ T*G y.0 II^P 
^{A) ^T*Gx ^V/o P^- 

In particular, the natural symplectic form on T*G x descends to both ^{A) and 
^{A). Moreover, ^{A) and^{A) are smooth symplectic manifolds. 

Remark 5.12. Note that r*G is not finite dimensional. However, for I sufficiently 
large, A G (g^"^- Since G^ C P\ we see that G/P^ = {G / G'^) / {P^ / G'^) . Thus, 
in Proposition EHH it suffices to consider T*{G/G^) x //qP (resp. T*{G/G^) x 
0'^ IIq P^). This fact, although concealed in our notation, ensures that we are al- 
ways applying results from algebraic and symplectic geometry to finite-dimensional 
varieties. 

Proof. The proof in each case is similar, so we will prove the second isomorphism. 
The group P^ acts on T*G by the usual left action ^(g, a) = (pg, a) and on 6^ 
by the coadjoint action. Moreover, on each factor, the action of P^ is Hamiltonian 
with respect to the standard symplectic form. The moment map for the diagonal 
action of P^ is the sum of the two moment maps: 

iipi : T*G X ^1 ^ (<pi)^ 

fipi{g,a,f3) = 7rqji(- Ad*(5)(a)) + (3. 

In particular, 

MpJ(O) = I 7rq3i(Ad*(g)(a)) =/3}. 

We will show that Hpl{0) is smooth. Let f : Hpl{0) G x ff^ he defined by 
fig, a, 13) = (5,/?). Choose a local section f : ff^ ^ + {^^)^ c g"". Then, 
^-H9,P) = {{g,Ad*{g-^){f{f3)+X),P) I X G (*pi)^}. Therefore, MpJ(O) is an 
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afBnc bundle over G y. 0^ with fibers isomorphic to It fohows that /ipJ(O) 

is smooth. 

Since V ^ P^/G\ U\ GL„(C) ^ P'^\G. Therefore, the map (g, a, /3) ^ (P^g, a) 
takes ^pi(O) to ^{A); moreover, the fibers are P^ orbits, so the map identifies 

p'Vplio) - .^(A). 

Finally, choose a local section C : P^\G — > G with domain W, and let W' = 
^{A) r]{W X q""). There is a section C ■ W ^ Mpi(O) given by CiP^9,a) = 
(C'(P^g),a,7r<pi(Ad*(C(P^5))(a))). This shows that Afpi(O) ^{A) is a principal 
pi-bundle, since P^ acts freely on the fibers. In particular, ^{A) is smooth, and 
the symplectic form on r*G x descends to ^{A). □ 

Let res : —> g[„(C)^ be the restriction map dual to the inclusion g[„(C) — > g. 
Notice that if we fix a representative ai, G 0[„(-F) for a G , then g[„(C)^ = 0tn(C) 
under the trace pairing and res(Q;) corresponds to the ordinary residue of aj/i^. 

There is a Hamiltonian left action of GL„(C) on T*G defined by 

(5.2) p{h){g, a) ^{gh'\ Ad* {h)a). 

The moment map /Xp is given by pp{g,a) = res(Q!). To see this, observe that p 
is the restriction to GL„(C) of the usual left action of G on T*G (via inversion 
composed with right multiplication). Hence, the map /ip is just the composition of 
the moment map for right multiplication p(g,a) — a with res. 

The action p defines left actions of GL„(C) on the first components of r*G x 
and T*G x 0^ respectively. These actions commute with the left actions of P and 
P^ , and it is clear that /ip and /ipi are GL„(C)-equivariant. 

Lemma 5.13. Let Gi and G2 act on a symplectic manifold X via Hamiltonian ac- 
tions, and let pi and p2 be the corresponding moment maps. If P2 is Gi-invariant 
on p^^{X), then there is a natural Hamiltonian action 0/G2 on X //\Gi. Further- 
more, if L\ : p^^[X) X andnx : /ij~^(A) X jj \G\ are the natural maps, then the 
induced moment map p2 on X // \ Gi is the unique map satisfying /i2 oiA = ^2 otta- 

This follows from jl] Theorem 4.3.5]. Thus, p descends to natural Hamiltonian 
actions on ^{A) and ^{A). For example, if {Qg,a) S ^{A) and h G GL„(C), 
then 

h{Qg, a) ^iQgh-\ Ad* {h){a)). 

Proposition 5.14. The moment map for the action o/GL„(C) on ^{A) is given 
by 

l^Gh„iQg,a)) = res(a). 
The action o/GL„(C) on ^'^{A) has the analogous moment map /iGL„- 
Proof. This follows directly from Lemma [5. 131 □ 
Lemma 5.15. The moment map /<gl„ : ^(^) — ^ 0[„(C) is a submersion. 

Proof. By Proposition 15. Ill ^{A) is smooth. We will show that the differential 
map dpGh^ on tangent spaces is surjective. Note that jjiGh„{Ugg' , Ad* {g'~^)a) = 
g'~^p,Qi^^{Ug,a). Therefore, it suffices to show that the tangent map is surjective 
at points s = ([/, a) in the subvariety S defined by taking g to be the identity. 

Let u = Lie([/), so C bI„(C)'^. Indeed, u-^ ^ {^^)^ C . If we choose a 
section / : {^^Y ^ g^, we see that x u-^ = 5" by the map (7, y) ^ {U, f{l)+y). 
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Here, the image of y is identified with its image in . In particular, the image 
of c?/iGL„ (7s^(A)) contains C g[„(C)^. Therefore, it suffices to show that the 
composition of (i/tGL„ with the quotient 0[„(C)^ is surjective. Observe that 

tangent vectors to ff^ are of the form a.d*{X){a) for X € 

First, suppose that r > ep. In this case, we will show that ad*(*p^^'^^+'')(a) C 
Ts^^ surjects onto u^. More precisely, we will construct a filtration = D 

D ■•■ D u*^^ = {0} such that the map X ad*(X)(a) induces a surjection 
Tfu : u^/u^+i for each j. Since u = we see that = g/^ under 

the duality isomorphism. We now obtain the desired filtration on by subspaces of 
the form (qjJ-ep Hg)/^. More explicitly, u-^' is the restriction of c 
{■^^y to u. Note that the map = o (-(5aJ, where : ^^-^^ /u^+^ 
is the surjection defined by {X) = {{X, •),y|u) + u-'^^. Furthermore, tTu depends 
only on the coset a^, + 

By assumption, G A^+^-''+^. Proposition \TU\ shows that Sa^{^^^''^+'') = 
ker(7ft). Since ^t^ : — >• y^'^p is a surjection, a diagram chase shows that 

lkGr(7ft) is surjective if and only if Tti\ycr(Ti) is surjective. We now verify this last 
statement. In the case ep = n, recall the description of vhe from (|2.2p . It is 
easily checked that Yj^ = Res(tx7^~'^''di) corresponds to a non-zero element Yj 
of ker(7fu) (since 1 < j < ep) and 7r((Yjv) = ^7^^^^"^^ • Therefore, the span of Yjv 
surjects onto the one-dimensional space P^"^^. A similar proof works for ep < n, 
using the observation in CoroUarv 13.91 that t = E'"/'^^. 

Now, assume that 1 < r < ep. The above argument shows that 7fu(*p-'~'^ = 
yi/yi+ij however, in this case, we can only conclude that the image of rfAcLnlTs^i 
contains u'^^^'^+i. Let ir^ = '^^-''^+T\gl^{C); it follows that /n)^+^ determines 
a well-defined subset of ^3-<^p+^. We claim that Tri{n>i = /ui+^ for 
l<j<ep-r. Observe that t^^g D ^'^ D q3'^+^ D tg for -ep < ^ < 0. Therefore, 
we may take a representative S fltnC^) + fl'n(*C) for a„ + Similarly, 
choose a representative X i-^X' for X G «pj-ep+'-^ where X,X' e fl[„(C). It 
follows that {ad{X + t-^X')l3^,Y)i, = (ad(X)/3^, y)^ whenever Y e u. This proves 
the claim, and we conclude that ad*(rD^)(a) surjects onto u^/u'^^^''+^ . 

Finally, let X G tr^. The action of GL„(C) on ^{A)) gives rise to a map 
0[„(C) ^ r^^(A) C u\0(„(C) X g^; explicitly, X ad*(X)a), which is 

sent to res(ad*(X)(Q;)) by d/iGL„- Therefore, d/iGL„ maps tangent vectors coming 
from tr^ C 0(„(C) surjectively onto u^/u'^''"''^^. It follows that the image of d/iGL„ 
contains u^, so /iGL„ is a submersion. 

□ 

Lemma 5.16. GL„(C) acts freely on ^{A). 

Proof. Suppose that h E GL„(C) fixes {Ug, a). In particular, Ugh = Ug, so G U. 
To show that h = 1, it suffices to show that = 1, so without loss of generality, 
we may assume that g = 1 and h G U. By Proposition 12. 5|, there exists a rep- 
resentative G for a with terms only in nonpositive degrees. The fact 
that Ad*(ft,~^)(a) = a implies that Ad{h~^){a^) = -\- X for X G g^ . Since 
h G GL„(C), X = Q, and we see that Kd{h~^){av) — ay. 

We will show that h is P"'^- conjugate to an element of T(o). In particular, since 
pi ^ [/ K G\ we see that h is {/-conjugate to an element of T(o)Gi nGL„(C) = 
Since n P^ is trivial. Corollary [3l9] implies that h=\. 
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Takep e such that Ad* (p) (a) = A^; thus, Ad(p)(a,.) £ t+qj. By Lenima lXTSl 
there exists p' G P^ and a representative A;', G t^'' oi such that Ad(p')(Ad(p)(Q;,y)) 
Al. Therefore, setting q = p'p e P\ Ad{{'ih)-^)Al = By Lemma [Xni 

«/ieTnG' = T(o). □ 

Lemma 5.17. // (Qgi, a) and {Qg2, ct) both lie in ^{A), then 52 = pgi for some 
p G Q. Moreover, if (Ugi,a) and {Ug2,a) both lie in ^{A), then 32 — usgi for 
some u G U and s G . 

Proof. Notice that (Q, Ad*(gi)a) and {Qg2{gi^), Ad*{gi)a) satisfy the conditions 
of the first statement. There is a similar reformulation of the second statement. 
Thus, we may assume without loss of generality that gi is the identity; we set 
92 = g- 

In the first case, note that by Lemmas 13. 181 and 13. 20[ there exist pi,P2 G P such 
that Ad{pig){au) — A^ = kA{p2){ay) for some Ai, e t. Since pigP2^ centrahzes 
the regular scmisimple element Ay, pigP2^ G T D G = T{o). We conclude that 

<?ePnGL„(C) = Q. 

In the second case, the same argument shows that whenever Ad* (5) (a) G 
g = p^^sp2 for some s £ T{o) and pi G P^. Since P^ is normal in P, 17 = us for 
some u £ P^. By Corollary 13.91 we may assume that s G . This implies that 
u G GL„(C) n = [/ as desired. □ 

Lemma 5.18. Let a G &e a functional such that 7rq3i(Q!) = A^ . Then, if 
s G T{o), 7r<pi (Ad* (s)q;) = A^ . 

Proof. Since any representative of A^ lies in t(o), £ I + The lemma is now 
clear, since T{o) preserves *P and stabilizes t. □ 

We are now ready to describe the relationship between ^{A) and ^{A). Re- 
call, from Lemma EH that = T{o) D GL„(C). There is a left action of 
on jM[^A) given by s{Ug,a) — {Usg,a). To see this, note that by assumption, 
TTspi {Ad*{g){a)) G so there exists u £ P^ such that Ad*(u)(7rq3i (Ad*(g)(Q!))) — 
A^. We wish to show that there exists u' G P^ such that Ad*(u')(7rspi (Ad* (s(7)(q;))) = 
A^. However, 

(5.3) Ad*(^.^)(7r.pi(Ad*(s5)(a))) = 7r<pi (Ad*(^u) Ad*(sg)(a)) = 

7rq3i(Ad*(s) Ad*(u5)(a)) = A\ 

where the last equality follows from Lemma 15.181 In particular, s{Ug, a) G ^{A). 

We will show that this action is Hamiltonian with moment map pLrpb defined as 
follows. Take {Ug,a) G ^{A). There exists u £ P^ such that 

(5.4) TT<^^{Ad*{ug){a))^A\ 
Define a map 

fj.Tt'{Ug,a) = -{Ad* {ug){a))\Ti>- 
We need to show that this map is well-defined. Let A = Ad* {ug){a). Suppose 
that u' G P^ satisfies Observe that Ad* (u'u- '^){A'^) ^ A^. By Lemma [3211 

u'u~^ G T{o)P^. It suffices to show that whenever s G T{o) and p G P*", 
{Ad*{sp){A))\rpi, — (v4)|yb. In fact, we will prove the stronger statement: 

(5.5) ^inq}(Ad*(sp)(i)) = ^tn>p(i). 
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Fix a representative G *P ''. By Proposition 2". 11(4) [ the projection {gl{F)) 



corresponds to tame corestriction 7rt : qI„{F) — ^ t after dualizing. Thus, 
T:t{Ad{sp){A^)) is a representative of 7rtn<p(Ad*(sp)yl). Since TTt commutes with the 
action of t, TTt{Ad{sp){A^)) = 7rt(Ad(p)(i^)). By Proposition |2.11(3)[ Trt{Ad{p){A^))- 



T^i{Av) G = SO Tri{A,y) is a representative for both functionals in (|5.5p as 
desired. 

The following lemma generalizes [H Lemma 2.3]. The proof is more complicated, 
due to the absence of a 'decoupling' map in the general case. 

Proposition 5.19. Let A — A\^i, . The action oJT^ on ./M{A) is Hamiltonian with 
moment map /ij^b . Moreover, 

J^{A)'^Jg{A) II-kT\ 

Proof. Recall that be the P^-coadjoint orbit containing A^. If /3 G we 
may take a & such that TTrpi (a) = /3. The torus acts on by s • /3 = 
7rq3i((Ad*(s)(a))). (One sees that this element is in ff^ by an argument similar to 
the one used to show (|5.3p . and it is easily checked that it is independent of the 
choice of a.) 

We construct a moment map for this action. Consider the semi-direct product 
K Pi C P, and lift A^ € ff^ to A G (i^)^ C (t^ x . Let ^ C (t^ x 

be the coadjoint orbit of A. Since stabilizes A^ by Lemma [5. 181 it is clear that 
it stabilizes A as well. In particular, P^ acts transitively on ff. We will prove 
in Lemma 15.201 that the natural map tt : ^ is a T^-equivariant symplectic 

isomorphism. Therefore, the moment map /i : — > (t'')^ is given by 

where Tr^b is the projection {t^ x Vp^y ^ {t^Y . 

We remark that if a different lift of A^ is chosen, say A + j for 7 G (^P^)-*^ = (t^)^j 
then 

(5.6) (Ad*(M)(i + 7))(z) = Ad*{u){A){z) + 7(2) 

for u & and 2; G In particular, this changes /I by a constant 7. 

The action of on ^{A) descends from a Hamiltonian action of on r*G x 
ff^. Indeed, if (5,0;,/?) G T*G x then s{g,a,l3) = {sg,a,s ■ (3) defines a 
Hamiltonian action; the moment map /i' is given by the sum of the natural moment 
map on T*G and jl . Moreover, preserves /ipi(O), and the map from /ipJ(O) ^■ 
^{A) is r^-equivariant. 

We will show that the restriction of /i' to /ipi(O) is P^-invariant. Let {g,a,l3) G 
^{A), and define 0(g, a) to be the projection of Ad*{g){a) onto (t*" x *p^)^. Then, 
if M G P\ 

fj,'{u{g,a,P)) = ^'(ug,a, Ad*(M)^) 

= TTy, {- Ad* {u)<j>{g, a) + Ad* {u)n-\/3)) 

However, /3 = TTqji (Ad*((7)(Q;)) lies in ff^, so 4>{g,a) must lie in a coadjoint orbit 
containing ^ — 7 for some 7 G {'^Y ■ Equation (|5.6p implies that 

^T^(-(^(5,a)+^-i(/3)) =^T^ (-Ad*(u)^(5,a)+Ad*(w)^-i(/?)) =7. 
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Thus, /i' is P^-invariant. By Lcnima [5.13[ the action of on ^{A) is Hamiltonian, 
and the moment map descends from /i'. 

It remains to show that 7 = ^j^b{Ug,a). By P^-invariance, it suffices to con- 
sider the case where TTrpi (Ad*(g)(a)) = A^. By construction, fi{A^) — 0, so 
7 = - Ad*(g)(a)|tb = {U 9 , a) 

We now prove that ^(A) = ^(A) /^a First, we show that if fij-b {Ug, a) = 
—A, then {Qg,a) G ff. Let u e P^ satisfy TTrpi (Ad*(u(7)a) = A"'^. Choosing a 
representative «!, for a, we have Ad{ug){ai,) £ A^ Applying TTt, we see that 

TTt{Ad{ug){a^)) = Ai, + z for some z G t(o). In fact, z G t n because the 



restrictions of Ad*(ug)a and A to (t'')^ agree. By Proposition 2.11(3) there exists 
a: G qj'' such that Ad(l + A) Ad(wg)Q;^) G + so 7rqj(Ad*((l + A)w5)a) = 
TT^* (A), i.e.. Ad* (5) (a) G ^. Thus, we have a map /i~b^(-A) ^{A) given by 
{Ug,a) I— J> {Qg,a). Lemma [5.171 shows that the fibers of the map are r''-orbits, 
and we obtain the desired isomorphism. □ 

Lemma 5.20. In the notation from the previous proof, the map tt : ^ i?^ is a 

-equivariant symplectic isomorphism. 

Proof. First, we show P'^-equivariance. We have already observed that there is a 
transitive action of P^ on and that stabilizes A. For any s £ and u & P^, 
we calculate 

^(Ad*(s) Ad*(M)i) = ^•(Ad*(^M)i) = Ad* {'u)n{A) 

= vrqji (Ad*(s) Ad*(u) Ad*(s~i)(7r*(A))) 

= 7rq3i(Ad*(s) Ad*(u)«(A))) = s ■ (Ad*H«(A))). 

Next, we show that the stabilizer of A in P^ is the same as the stabilizer of 
TTt (A). Let A^ G be a representative for A. In fact, G (t + *P) n (t^)^. By 
Lemma [32T1 the stabilizer of 7r*(A) is precisely (r(o) n pi)P'' if r > 2 or P^ if 
r = 1 (in which case tt^ (A) is a singleton orbit). It suffices to show that this group 
stabilizes A, as the stabilizer of A is a subgroup of the stabilizer of 7rJ'(A). Since 
ii, G t + qj, T n P^ stabilizes A. Now, take u e P'' , z € and X £ . We see 
that 

Ad*(M)(i)(z + A) = A{Ad{u-^)z + Ad(w-i)A) = A{Ad{u-^)z) + i(A), 

_2TT(4)1 



so we need only check that Ad* {u)A{z) = A{z). However, by Proposition 



Ad*(M)A(z) = {Ad{u)A^,z)^ = {'Kt{Ad{u)A^), z)^. Proposition |2.11(3)| implies 
that TTi{Ad{u)A^) = TTi{A^) (mod *P^). It follows that the stabilizer of A is, indeed, 
the same as the stabilizer of tt^ (A); moreover, since tt is a P-'^-map, it follows that 
TT is an isomorphism. 

Finally, we need to show that tt preserves the natural symplectic form on each 
coadjoint orbit. In particular, since and ff^ are P^ orbits, it suffices by transi- 
tivity to show that the symplectic forms are the same at A and A^. In other words, 
we need to show that A{[Xi + zi,X2 + Z2] ) = A^{[Xi, A2] ) for Zj G t'' and Xj G . 
This is clear, since the restriction of A to is exactly A^, and i'' lies in the kernel 
of the symplectic form at A. □ 

5.2. Proof of the theorem. Let V be a trivializable vector bundle on P^, and 
let V be a meromorphic connection with singularities at {xi, . . . , Xra}- We assume 
that V has compatible framings {gi, . . . ,gm} at each of the singular points and 
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that V has formal type e at Xi. We define C (resp. C to be 
the coadjoint orbit of ttj (Ai) under Pi (resp. Pi). We fix a global trivialization 
as in the beginning of the section; as usual, we will use this fixed trivialization to 
identify subgroups of GL{Vx) and GLn(Fx), etc. 

Definition 5.21. The principal part [Wx]^^ of V at a; is the image of [Wx] in 
by the residue-trace pairing. 

To give an example, if [Vo] = M_i^ + M^f + Midt + M2tdt + . . ., with the 
Mi G GL„(C), then [Vo]pp(X) = Res(Tr((A/_i0 + A/of )X)) for any X £ Qq. 

We set [Vi]^^ to be the principal part of V at Xi. It is a consequence of the 
duality theorem ( |23[ Theorem II. 2]) that V is uniquely determined by the collec- 
tion {[Vi]''^}. Moreover, the residue theorem f |231 Proposition II. 6]) shows that 
E,res([V,Ff) = 0. 

If gi is a compatible framing for V at a;^, 

^<p.((Ad*(gO[V.r) e and ^<pi(Ad*(gO[V^]D e 

This follows from the observation that gi ■ [Vi]^^ — Ad* {gi)[V i]^^ and Proposi- 
tion [5?ni In particular, since ■ [V^] is formally gauge equivalent to nKA) by an 
element of Pi G it follows that Ad* (pi) Ad* {gi)[V i]PP ^7r*(A). 

Finally, we need to define extended orbits ^{A) and ^{A) in the case where A 
is a regular singular formal type. In particular, the corresponding uniform stratum 
is of the form (G,0,/3). Since tt*{A) is a functional on g that kills g^, we may 
think of irliA) as an element of 0[„(C)^. We define (t^)' C 0l„(C)^ to be the set 
of functionals of the form (f>{X) ~ Tr{DX), where _D e i*" is a diagonal matrix with 
distinct eigenvalues modulo Z. 

The following definition comes from Section 2 of [5]. 

Definition 5.22. Let ^ be a formal type corresponding to a stratum (G, 0,/3). 
Define ^{A) ~ ^a, the coadjoint orbit of tt*{A) in g^. Moreover, let 

^(A) {{g,a) e GL„(C) x 0[„(C)^ | Ad*{g)a £ (t^)'} C G x 

Remark 5.23. This definition of ^(A) coincides with the definition for r > given 
in (|5.ip (where now Q = GL„(C)), but this is not true for ^{A). Indeed, .-#(A) 
is independent of formal type when r = 0. 

However, the essential results of Section |5 . 1 1 remain true in the regular singular 
case. By [Hi Theorem 26.7], ^{A) is a symplectic submanifold of T*GL„(C). 
Moreover, (resp. GL„(C)) acts on ^{A) by left multiplication (resp. inversion 
composed with right multiplication). The moment map for is simply {g,X) t-> 
— Ad* {g){X), and the map {g,a) i— ?■ a induces an isomorphism ^{A) //-a ^ 
^{A). 

Proof of Theorem ] 5. 6\ For each Xi, set ^i = ^{A^), and — ^{A^). As above, 
a meromorphic connection V on Pi is uniquely determined by the principal parts 
at its singular points {xi}. Moreover, any collection {Mi}, where Mi G g^, that 
also satisfies the residue condition 

(5.7) ^res(M,)=0 

i 

determines a unique connection with singularities only at the Xi 's and with principal 
part at Xi given by Mi. 
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There is a map — > obtained by taking (Qii?, ai) to Ui. Lemma [5.171 implies 
that this map is one-to-one, and it identifies elements of with the principal part 
of a framed connection at Xi with formal type Ai. We conclude that any element 
of satisfying (j5.7p uniquely determines a connection V with framed formal 

type Ai at Xi. 

The action of GL„(C) on Yii-^i induced by its action on global trivializations 
of V is the product of the left actions on ^i given in (j5.2|) . Therefore, it follows 
from Proposition 15 . l41 that the moment map of this action is simply 



The moment map jl : fl- ^i g[„(C)^ is defined similarly. The residue condition 
(15. 7|) now translates into an m-tuple lying in /i~^(0), so 



^(A) = (^^^ //oGL„(C). 



Similarly, J^*{K) = (jj,^ //q GL„(C): the map ^-^0) ^*(A) takes 
(Uigi, ai) to the data (V, V, g), where V has principal part ai at Xi and g = (Uigi). 

By Lemma |5.16[ GL„(C) acts freely on ^i, so the action on Yii^i iiee. 
Moreover, Lemma 15.151 states that fj, is a submersion on each factor, so /i is a 
submersion. Therefore, /2^^(0) is smooth. It follows that ^*(A) is a smooth 
symplectic variety. 

Finally, let = Ai\^i,. The action of Yii on ^i commutes with the action 
of GL„(C), so by Lemma [5.131 there is a natural Hamiltonian action of Hi^i' on 
^*(A). Similarly, there is a Hamiltonian action of GL„(C) on 

i i 

We now see that taking the iterated symplectic reduction of the product of local 
data by GL„(C) and the product of the local tori is independent of order: 

\ i / i i 

indeed, both are isomorphic to the symplectic reduction via the product action: 
n-^//(o,n.(-AO) (GLn(C) X n^^)- By Proposition it follows that 

^*(A)//n^(_A,)n7^'=-^*(A). 

i 

□ 

Remark 5.24. In the case m > 1 above, we only require /i to be a submersion on one 
factor in YViLi-^i^i)- particular, the residue map on ^{Ai) x YViL2-^(^i) 
is submersive. Moreover, by Lemma 15.161 the action of GL„(C) on ^{Ai) x 
Y{T=2'^i^i) is free. Therefore, ^'(A) = (^(Ai) x Y{T=2^{Ai)) h GL„(C) is 
smooth, and ^'(A) //_Ai T\ ^ ^(A). 
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We state here a more general version of Theorem 15.61 The proof is essentially 
the same; however, it allows us to consider regular singular points with arbitrary 
monodromy. In particular, this construction includes the GL„ case of the flat G- 
bundle constructed in [13j. 

Let {^j} be a collection of 'non-resonant' adjoint orbits in g[„(C); this means 
that the distinct eigenvalues of elements ffj do not differ by nonzero integers. Using 
the trace pairing, we may identify ffj with a coadjoint orbit ffj C 0[„(C)^. Thus, 
we say that a connection V on the trivial bundle V over C has residue in ffj at 
Uj G C if the principal part at yj corresponds to an element of ffj in 0[„(C)^. 
Equivalently, [VyJ^^ 



for some X e 



By the standard theory of regular 
singular point connections (see, for example, [211 Chapter II]), if a connection {V, V) 
has non-resonant residue X Gj^ then [V, V) is formally equivalent to dA- X^. 

Let B = { } be a finite collection of non-resonant adjoint orbits corresponding 
to a collection of regular singular points {yj} C C, and let A = {Ai] be a finite 
collection of formal types at {xi\ (Z C, disjoint from {yj}. 

Definition 5.25. Define ^{A, B) to be the moduli space of connections V on the 
trivial bundle V with the following properties: 

(1) (F, V) is compatibly framed at each Xi, with formal type Af, 

(2) (y, V) is regular singular and has residue in Gj at each yj. 

If A is nonempty, we define the extended moduli space .y^{A, B) of isomorphism 
classes of data {V, V, g), where {V, V) satisfy the conditions above and g = (gi) is 
a collection of local compatible framings at the Xi^s. 

We omit the proof of the following theorem, since it is almost identical to the 
proof of Theorem 15.61 We note that a similar construction is used in 4 and 3 in 
the case where the Ai are totally split. 

Theorem 5.26. 

(1) The moduli space ./#(A, B) is a symplectic reduction of the product of local 
data: 



^(A,B) ^ 



X{^{A, 



n 



//o GL„(C). 



(2) // A is nonempty, then ^(A, B) is a symplectic manifold, and 



^(A,B) 



n 



//o GL„(C). 



(3) 



^(A,B)-.^(A,B)//n,(-A,) {R^^ 



References 

[1] R. Abraham and J. Marsden, Foundations of Mechanics, 2nd ed., Benjamin/Cummings Pub- 
lishing Co., Reading, 1978. 

[2] D. Arinkin, "Rigid Irregular Connections on PI," Compos. Math. 146 (2010), 1323-1338. 

[3] P. Boalch, "G-bundles, isomonodromy, and quantum Weyl groups," Int. Math. Res. Not. 22 
(2002), 1129-1166. 



MODULI SPACES OF IRREGULAR SINGULAR CONNECTIONS 



53 



P. Boalch, "Stokes matrices, Poisson Lie groups, and Frobenius manifolds," Invent. Math. 
146 (2001), 479-506. 

P. Boalch, "Symplectic manifolds and isomonodromic deformations," Adv. Math. 163 (2001), 
137-205. 

C. Bremer and D. S. Sage, "Isomonodromic deformation of connections with singularities of 
parahoric formal type," laxXiv: 1010.2292 1^2 [math.AG], 2010. 

C. J. Bushnell, "Hereditary orders. Gauss sums, and supercuspidal representations of GLjv," 
J. Reine Agnew. Math. 375/376 (1987), 184-210. 

C. J. Bushnell and P. Kutzko, The admissible dual of GL]v via compact open subgroups, 
Annals of Mathematics Studies, 129, Princeton University Press, Princeton, NJ, 1993. 

P. Deligne, Equations differentielles a points singuliers reguliers, Lecture Notes in Mathe- 
matics, Vol. 163, Springer- Verlag, New York, 1970. 

R. Fedorov, "Algebraic and Hamiltonian approaches to isostokes deformations," Transform. 
Groups 11 (2006), 137-160. 

E. Frenkel, Langlands correspondence for loop groups, Cambridge University Press, New 
York, 2007. 

E. Frenkel and D. Gaitsgory, "Local geometric Langlands correspondence and afhne Kac- 
Moody algebras," in Algebraic geometry and number theory, Progr. Math 253, Birkhauser 
Boston, Boston, MA, 2006, pp. 69-260. 

E. Frenkel and B. Gross, "A rigid irregular connection on the projective line," Ann. of Math. 
(2), 170 (2009), 1469-1512. 

V. Guillemin and S. Sternberg, Geometric Asymptotics, Mathematical Surveys, No. 14, Amer- 
ican Mathematical Society, Providence, 1977. 

R. Howe and A. Moy, " Minimal A'-types for GL„ over a p-adic field," Astcrisque 171/172 
(1989), 257-273. 

M. Jimbo, T. Miwa, and K. Ueno, "Monodromy preserving deformations of linear ordinary 
differential equations with rational coefficients I," Physica D 2 (1981), 306-352. 
N. Katz, Exponential Sums and Differential Equations, Annals of Mathematical Studies 124, 
Princeton University Press, Princeton, NJ, 1990. 

P. C. Kutzko, "Towards a classification of the supercuspidal representations of GL„," J. 
London Math. Soc. (2) 37 (1988) 265-274. 

A. H. M. Levelt, "Jordan decomposition for a class of singular differential operators," Ark. 
Mat. 13 (1975), 1-27. 

B. Malgrange, Equations Differentielles a Coefficients Polynomiaux, Progress in Mathemat- 
ics, Vol. 96, Birkhauser Boston, Inc., Boston, MA, 1991. 

A. Moy and G. Prasad, "Unrefined minimal /f -types for p-adic groups," Invent. Math. 116 
(1994), 393-408. 

D. S. Sage, "The geometry of fixed point varieties on afHne flag manifolds," Trans. Amer. 
Math. Soc. 352 (2000), 2087-2119. 

J. -P. Serre, Algebraic Groups and Class Fields, Graduate Texts in Mathematics, Vol. 117, 
Springer- Verlag, New York, 1988. 

W. Wasow, Asymptotic expansions for ordinary differential equations, Wiley Interscience, 
New York, 1976. 

E. Witten, "Gauge theory and wild ramiflcation," Anal. Appl. (Singap.) 6 (2008), 429-501. 

Department of Mathematics, Louisiana State University, Baton Rouge, LA 70803 
E-mail address: cbremeramath. lsu.edu 



E-mail address: sage@math.lsu.edu 



